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Abstract
For applications requiring the detection of low light levels, avalanche photodiodes
(APDs) are the preferred detector of choice. The reason for this is their internal
gain, which improves the APDs sensitivity (up to 5 − 10 dB) when compared to
PIN-based photodiodes. The internal gain for an APD comes from the process of
impact ionization process; however, due to its stochastic nature, the multiplication
gain comes at the expense of extra noise. This multiplication noise, called the excess
noise, is a measure of the gain uncertainty. Despite significant progress made in the
fabrication process for the APDs, the excess noise remains a challenge for state-ofthe-art APDs and limits their performance measures such as signal-to-noise ratio
(SNR). Although there is present a formulation of noise based on the local-theory
model, it fails to provide accurate predictions for thin (< 1µ m) devices. This
is due to the presence of dead space, the distance a carrier must travel before it
can impact ionize, which reduces the uncertainty of the stochastic process and the
excess noise. Additionally, the buildup time, defined as the time required for all the
impact ionizations to complete, increases as the mean gain increases. This leads to
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the presence of intersymbol interference within the device, which is detrimental to
the device performance, especially at higher speeds. There is, therefore, a need to
characterize the perfomance measures such as the mean gain and the noise in the
presence of dead space for thin devices.
Presented in this work are modeling techniques which address these issues. A
look is taken at 3D device structures for which the field characteristics as well as
the material ionization coefficients vary along the multiplication path; this is the
practical culmination of the dead space multiplication theory (DSMT). While the
linear mode analysis using DSMT for 3D structures has recently been implemented,
we show here the adapted 3D DSMT model for transient and Geiger modes analysis,
including the evaluation of the gain-bandwidth product and the photon detection
efficiency. A sample 3D Si-Ge lateral APD is used to develop and test this model.
Even for 1D APDs, implementation of the DSMT is cumbersome. In an effort to
simplify it, a look is taken at the scenario when the ionization coefficients for holes
and electrons in the APD multiplier may be taken to be equal. This may be the
case when the multiplication width is small and the electric field is high. It is shown,
mathematically, that by doing so, the DSMT is simplified considerably. The APD
devices are then modeled for three different materials for which this assumption may
be true. This provides us practical limits for which the formulations may be used.
Another instance in which the DSMT implementation is simplified by assuming
that the ionization coefficients are completely disparate. Such is the case in InAs,
which has recently been shown to be an electron-only ionization material. For this
case, it is verified that the behavior of the APD deviates from that predicted by
McIntyre’s local theory and that the noise in such APDs is reduced. In addition,
earlier predictions made by Hayat et al. for mean gain using the asymptotic formulas
are tested against the results from the recursive integral equations modeling data.
The use of such material in IR detection, which has many applications in remote

v

sensing, medical imaging, and environmental monitoring, is also discussed in the
context of a novel, low-noise, high-gain, design APDs with a heterojunction design.
This dissertation, therefore, extends the capability in modeling the performance
of APDs for different configurations. In the presence of the dead space, the characterization of practical 3D devices using the DSMT as well as the simplification in
the gain and noise calculation for 1D devices provide an invaluable tool in understanding the behavior of thin APDs. In addition, the modeling of a new design of
heterojunction APDs for mid-IR detection allows for a new breed of designs to be
developed with lower customizable noise and improved gain characteristics.
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Chapter 1
Introduction
This chapter begins with a brief description of avalanche photodiodes and some of
the key concepts and characteristics that are widely-used in this field, followed by
the discussion of some of the research challenges relevant to our work.

1.1

Overview of avalanche photodiodes

For applications related to optical communications and detection, such as quantum
key distribution [11–13] deep-space laser communication [14] and quantum imaging [15] avalanche photodiodes (APDs) play a very important role. The research
focus for APDs falls on their analysis and development for these applications, especially at high bit rates. APDs are popular in optical communications due to their
internal gain, which increases the output signal of the device above the thermalnoise level of the receiver. Thus, in thermal-noise-limited operation, APD-based
receivers achieve a higher sensitivity than those based on PIN photodiodes, which do
not exhibit internal gain. Compared to receivers with PIN photodiodes, APD-based
receivers achieve 5 − 10 dB improved sensitivity [16, 17].
1

Chapter 1. Introduction
The basic operation in APDs is carried out by excited carriers that exploit the
impact ionization mechanism to achieve avalanche multiplication gain. However, the
benefit of the multiplication gain comes at the unwanted expense of extra noise due
to the nature of the stochastic process that gives rise to it. This multiplication noise,
called the excess noise, is a measure of the gain uncertainty and was first described
by McIntyre [18] for the case of uniform electric field and pure electron injection.
When an APD is properly biased, it operates by converting each electron hole pair,
resulting from the absorption of a photon, to a large number of electron hole pairs
via a cascade of impact ionizations and the mean gain, M (x) and the excess noise
factor, F are then described as
Rw
exp(− x [β(x′ ) − α(x′ )]dx′ )
Rw
Rw
M (x) =
.
1 − 0 [β(x′ )exp(− x′ [β(x′′ ) − α(x′′ )]dx′′ )]dx′

(1.1)

and

1
hM 2 i
)
F (M ) =
2 = kM + (1 − k)(2 −
M
hM i

(1.2)

where k = β/α is the ratio of the ionization coefficients for electrons, α, and holes,
β, of the semiconductor material. In the case of pure hole injection, k in (1.2) is
given by k = α/β. The values of α and β, which represent the probability of impact ionization per unit length (cm−1 ), respectively, depend on the band structure
of the semiconductor, the scattering processes (mainly phonon scattering), and the
electric field [19]. Equation (1.1) has been derived under the assumption of local
approximation, so called due to the existance of the the condition that the ionization coefficients at a specific position are determined solely by the electric field at
that position. However, this is not the case in reality and the impact ionization is
non-local, such that the carriers injected in the multiplication region must travel a
minimum distance before acquiring sufficient energy to impact ionize. This distance
is called the dead space. For thick multiplication regions (> 1µm), the dead space
can be neglected, and the local approximation provides an accurate prediction of
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Figure 1.1: The excess noise, F , for (a) GaAs and (b) Al0.2 Ga0.8 As for different
multiplication widths [1]. The lines represent the excess noise for the DSMT whereas
the symbols are from the experimental data [2].

the excess noise factor [19]. However, for thinner devices, the dead space plays an
important role in reducing the measured noise in the device by reducing the stochastic uncertainty of the avalanche process. This can be seen in Fig. 1.1 for GaAs and
Al0.2 Ga0.8 As [1]. From (1.2) it is noted that the lowest excess noise is obtained when
k is small. Therefore, the more dissimilar the ionization coefficients α and β are in
a semiconductor material, the lower the excess noise is.
To understand the principle of impact ionization, reference is made to Fig. 1.2,
showing an APD which can be understood as a pin juntion operating under reverse
bias. The applied reverse bias leads to a region free of charge within the intrinsic i
layer, called the depletion region, across which an intense electric field is established.
An incoming photon, with energy hν ( where h is the Plancks constant and ν is the
photon frequency) greater than the band gap energy, is absorbed and an electronhole pair is generated. This event is identified with the number 1 in Fig. 1.2. The
photogenerated holes and electrons travel along and against the high electric field,
respectively. The carriers can then attain higher energy as they traverse high electric
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Figure 1.2: The PIN diode.

field (losing some energy to the various scattering processes along the way) until a
time they may acquire higher energy than the ionization threshold energy. At such a
time, a random collision with an atom of the material results in an impact ionization
event, which generates a new electron-hole pair. This is event 2 in Fig. 1.2. When
a new electron-hole pair is created, the parent carrier loses part or all of its energy.
Although at this point the parent carrier and the offspring carriers have negligible
kinetic energy, they start to accelerate under the influence of the electric field. Once
any of these carriers acquire sufficient energy, they can impact ionize, generating
another electron-hole pair. This is shown as event 3 in Fig. 1.2. This process, called
the avalanche multiplication, may be repeated several times, yielding a cascade of
impact ionization events.

1.2

Operational modes of APDs:

Linear vs.

Geiger
The APD may either be operated in linear or Geiger mode. In the linear mode operation, the APD is biased below the breakdown voltage. This means that when an

4

Chapter 1. Introduction
injected carrier-pair enters the depletion (multiplication) region, the resulting cascade of impact ionizations ends within a finite and stochastic time period ( called
the avalanche buildup time). The multiplication factor by which the photocurrent is
amplified is then given by the total number of carrier pairs, injected or generated via
impact ionization. In the Geiger mode operation, the APD is biased above breakdown. Consequently, the number of impact ionizations may increase indefinitely,
yielding, in principle, an infinite multiplication factor. In this mode of operation the
APD functions as a switch alternating between the on and off states.

1.2.1

Linear mode

While the APD is operating in the linear mode, its performance is measured via
the mean gain and the excess noise factor as well as the signal-to-noise ratio (SNR).
While the mean gain and noise have been described earlier, here the measurement
of SNR is discussed, which is the most common way of measuring the performance
of an optical receiver. The SNR is defined as:
SNR =

I2p
average signal power
= 2
,
average noise
σJ + σs2

(1.3)

where σJ is the Johnson (thermal) and σS is the shot noise, the two fundamental
noise mechanisms. For an APD, the Johnson (thermal) noise is given by
2
σJ,AP
D = (4kb T /RL )Fn ∆f

(1.4)

where kb is the Boltzmann constant, T is the temperature, RL is the load resister in
front of the receiver and Fn is the noise figure in the amplifier. For the PIN receivers,
this figure of merit remains the same since it originates from electrical components
not within the device. The shot noise, on the other hand, is given by
2
2
σs,AP
D = 2M qF (Id + RPin )∆f

(1.5)
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where M is the multiplication gain, q is the charge of an electron, F is the excess
noise factor, R is the responsivity, Id is the dark current and ∆f is the effective noise
bandwidth of the receiver. For PIN detectors, M = 1 and F = 1 which makes
2
σs,AP
D = 2q(Id + RPin )∆f

(1.6)

The difference between the SNR between the PIN devices, (1.3) and (1.6) is
SNRAP D

(M RPin )2
=
2qM 2 F (RPin + Id )∆F + (4kb T /RL )Fn ∆f

(1.7)

and
SNRpin =

(RPin )2
2q(RPin + Id )∆F + (4kb T /RL )Fn ∆f

(1.8)

Looking at (1.7) and (1.8), it is observed that the SNR of the PIN and APD is
dependent on the incident power, provided all other parameters remain the same.
At lower power, the thermal noise dominates such that the APD performs better.
However, as the power increases, the shot noise starts dominating and the PIN’s
SNR becomes better than the APDs [20, 21].
Both these cases are demonstrated separately by first looking at the thermal
noise-limited case: In this instance, σJ ≫ σs makes
SNRAP D = M 2 (SNRpin )

(1.9)

whereas for the shot-noise limit case, σs ≫ σJ which leads to
SNRpin = F (SNRAP D )

(1.10)

where it can be seen that the excess noise factor plays an important role in decreased
SNR reported in APDs.

1.2.2

Single photon (Geiger-mode) avalanche photodiodes

When the operational mode for the APDs is chosen to be the Geiger mode, they
may also be called single-photon avalanche diodes (SPADs). Such detectors use
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a nonlinear detection scheme where the absorption of a single photon results in a
large, saturated current that is easily detected with clarity by the electronic circuitry.
The APDs are hence useful in detecting weak optical signals over a wide range of the
electromagnetic spectrum such as ultraviolet (10 − 400 nm) to the long-wave infrared
(8 − 12µm). This makes such APDs very useful for applications such as quantum
communications [11, 12] and optical time domain reflectometry [22, 23]

Breakdown probability
A key parameter to note in the operation of a SPAD is the breakdown probability
which measures the likelihood of an avalanche event to trigger. This parameter is
dependent on a multitude of factors, such as the material properties constituting the
APD, the magnitude of the electric field across the device as well as, the location
where the ionizing carrier is born. This means that a carrier created at the start of
the multiplication region has a greater probability of triggering an avalanche event as
compared to one created close to the end of the multiplication region due to traveling
more distance.

Other performance metrics
Whereas the gain and excess measurements are very important for analyzing the
linear-mode operation of the APDs (described earlier), such measures are less so
for Geiger-mode operation. This is because here the SPAD works in binary mode
and moves between the on and off state. Thus, different design and characterization
measures need to be considered in such cases.
The primary measures of a performance of a SPAD are the photon detection
efficiency (PDE) and the dark count rate (DCR). Whereas the PDE is the product
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of the detector quantum efficiency and the avalanche breakdown probability, the
DCR is a measure of the false counts and the noise within the detector. The source
of dark counts are the dark carriers, generated in both absorption and multiplication
region, when there is no illumination. Factors such as high electric fields, which
strongly affects the band-to-band tunneling ( particularly noticable in APDs with
thin multiplication regions) and material defects, all affect the concentration of darkcarriers.

1.3

Midwave infrared detection

Medical imaging, fire fighting equipments, as well as defense and security applications [24, 25] require the detection within the 3 − 5µm range and utilize mid-infrared
(MIR) sensors. The most important midwave infrared detectors for such applications
are HgCdTe [26], InSb [27], type II InAs/GaSb strained layer superlattice (SLS) [28]
and bolometers. Meanwhile, the quantum dot infrared photodetector (QDIPs) and
the quantum dots-in-a-well (DWELL) photodetector are also among promising alternatives for high background threshold applications especially due to their having
low dark current.
Despite these variations, for MIR detection, APDs with separate absorption separate multiplication (SAM), are advantageous because a photo-generated carrier created in the absorption layer is more likely to cause an avalanche compared to that
created in the multiplication region. This allows us to separate the low field region
which absrorbs the incoming photon from the high-field region which maximizes the
detection probability. A design aspect that allows us to engineer the multiplication
region and further reduce the noise within the system is to have lower ionization
multiplication layers next to the separation layers [29]. For MIR detection a common material used for multiplication region is InAs which has the added benefit of
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having a mature fabrication technology as well as low-noise characteristics whereas
the absorption region has various candidates that can be used. In this work, a new
configuration of the SAM APD is described, where the absorption region constitutes a type-II InAs/GaSb strained layer superlattice in addition to a multiplication
layer of Inx Ga1−x Sb and InAs as the multiplication region. This design will allow
absorbption of photons to take place in the Type-II superlattice producing electronhole pairs, the electron will be injected into the Inx Ga1−x Sb high-field layer which
acts as a buffer and a feedback layer for the main InAs multiplier. The electron
will ultimately impact ionize after it is injected into the InAs layer which has been
shown to have almost-pure electron multiplication (i.e., k ≈ 0), which makes it very
desirable from low-noise and high-speed perspectives [5, 30].

1.4

Motivation for the dissertation

McIntyre’s closed-form solution [18] has long been the standard for estimating the
noise and gain within APDs, but it fails to predict the noise as the multiplication
width narrows (<1µm) in thickness. The dead space multiplication theory developed
by Hayat et al. has justified the unexpected low noise in such devices. Although the
DSMT mathematical model has been well developed for 1D structures with uniform
electric field, the method has not been widely adopted, mainly due to the requirement
of solving recursive integral equations, which is a time and data-intensive process,
as well as the need for creating custom modeling techniques to implement it. Not
only this, for 3D devices with variable electric field, there is a need for the extension
of the DSMT model, especially for the Geiger-mode analysis. Meanwhile, the use of
APDs in mid-wave IR detection, while it has gained traction due to the higher gain
provided by APDs, is also limited in scope due to the bias restrictions needed to
achieve it. These issues are addressed in this dissertation and while a multitude of
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models exist which describe the linear and Geiger-mode operation of APDs, it is the
model developed by Hayat et al. [31–34], which includes the effect of the dead space,
that is used in this work to model the behavior of APDs under different operational
conditions.

1.5

Contributions of this work

The first contribution of this dissertation is to quantify and optimize the avalanche
multiplication process that takes place in a 3-dimensional volume in Si-Ge APDs
of the form pioneered by Sandia National Laboratories [35]. The interest in secure
network communications has led to the development of quantum key distribution
(QKD), which creates randomness between two parties [36, 37]. However, QKD
demands components that face technological issues, primarily the generation and
detection of single photons. This need has led to the development of Si-Ge lateral
avalanche photodiodes (Si-Ge LAPDs), which are CMOS compatible. In particular, the design allows the electrons and holes to follow curved trajectories in threedimensional space in the multiplication region. Traditional models for avalanche
multiplication, which assume trajectories in only one dimension (suitable for planar
avalanche photodiodes [APDs]), are not suitable for such 3D-Si LAPDs. In this work,
recent efforts for 3D-analytical modeling of the avalanche multiplication process [38]
have been applied to 3D-Si LAPDs. The characteristics of the mean avalanche multiplication factor, the excess noise factor, and the avalanche breakdown probability
are predicted for a representative 3D-Si LAPD device and the effects of having multiplication paths on the avalanche characteristics are determined. The 3D model
implemented in this work provides tools to perform similar analysis for other designs made from different materials; this will prove useful in not only predicting the
performance characteristics of such APDs but also to optimize them based on the
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performance requirements.
Secondly, the development of a 3D model to predict the device performance when
it operates in Geiger mode is presented in this work. This includes the quantification
of mean impulse response, the gain-bandwidth product, the dark current, the dark
count rate and the photon detection efficiency within the device. This is a novel
contribution of this dissertation as such quantification has not been done before and
will be the first test of its nature which will lead to further generalization for other
3D structures. With the results of the analysis performed using this new method
and model, broad-level recommendations for various new designs can then be made.
The third contribution of this dissertation is the development of simple, approximate formulas to calculate the mean gain and excess noise factor for thin planar
avalanche photodiodes (APDs). This is because as yet, there exists no simple closeform formulations to evaluate these quantities. These formulas have been found using
the dead-space multiplication theory (DSMT) [31, 32] assuming equal ionization coefficients for electrons and holes. The accuracy of the approximation is investigated
by comparing it to the exact numerical method using recursive coupled integral equations. The approximation is also tested for real materials such as GaAs, InP and Si
for various multiplication widths, and the results are found to be within acceptible
limit of the actual noise, which is a significant improvement over the local-theory
noise formula. The results obtained for the mean gain are also used to confirm the
recently reported relationship between experimentally determined local ionization
coefficients and the enabled non-local ionization coefficients.
The fourth contribution of this work is the development of the modeling technique
for characterizing the avalanche behavior in single-carrier ionization materials. Although the behavior for devices with fixed dead spaces has been predicted by Saleh
et al. [39], there is no model for real materials with field-dependent parameters.
Recently, it has been shown experimentally that InAs displays almost-electron ion-
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ization behavior and hence the means to model this behavior and confirm modeling
results with those obtained experimentally are presented.
The fifth and final contribution of this dissertation will be the modeling and optimization of a heterojunction APD detector with multiplication region designed for
midwave infrared detection such that the noise is minimized. The design elements for
such mid-IR APDs detectors include superlattices for the absorption region to reduce
the dark current and engineered multiplication region to reduce the biasing voltages
as well as improve gain performance. Such devices have not been analyzed before
and there is a need to determine their analytical properties in order to determine the
features of the design that shall give optimum results. It is noted here that the models and methods developed in the first four parts will be of key importance during
this stage. Using the results from the models created, targeted recommendations for
the new design can then be made.

1.6
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1.7

Outline of the upcoming chapters

This dissertation is divided into four parts, I, II, III and IV. Part I (Chapter 2) details
the extension of the traditional 1D DSMT modeling technique to its 3D counterpart
for avalanche photodiodes operating in linear, transient and Geiger modes. Important parameters such as the mean avalanche gain, excess noise factor and the dark
count rate, amongst others, will be quantified for a 3D device with non-uniform multiplication region. The model will be developed, and later tested, using the specific
example of the 3D Si-Ge Lateral APD fabricated recently at Sandia National Laboratories. The model developed here is adaptable to other APD design structures and
can help find design parameters, such as the width of the device, the electric field
etc. for optimal operational output such as the SNR or the speed.
Part II (Chapter 3) encompasses a new method to predict the mean gain and
the excess noise for devices with thin multiplication regions with very high applied
electric field (∼ 106 V/cm). For such materials, the assumption of equal ionization
coefficients (k ≈ 1) can be made. Using the recursive dead-space multiplication
theory (DSMT), the closed form mathematical expressions are derived which make it
easy to determine the performance measures for linear mode APDs. The performance
of these formulas is also compared against the recursive methods and the efficacy of
these methods is determined. This assumption is also used to verify the recent
findings by Cheong et al. of a relationship between enabled ionization coefficients (
which account for the dead space effect) and the experimental ionization coefficients
(which pertain to the local theory model and do not.)
Part III includes Chapter 4, where the behavior of a single-carrier ionization
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APD, predicted by Saleh et al. [39], is verfied using InAs as an electron-only material.
Results of the modeling techniques are presented here to show that the noise in such
APDs is lower than that predicted by McIntyre due to the dead space effect. The
asymptotic formula for mean gain, found in [39] is tested for InAs and compared to
the results of the recursive integral equations
Part IV relates to Chapter 5, where the modeling techniques for a stand-alone
midwave infrared photodetector is presented. The absorption region constitutes a
superlattice structure and the multiplication region is based off the ’impact-ionization
engineered’ design [29] with varying widths of the hole and electron multiplication
such that the gain is maximized while the noise is minimized.
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3D Si-Ge LAPD

2.1

Introduction

In recent years, considerable effort has been made for the development of single
photon detection systems, especially those utilizing complete CMOS compatible integrated silicon photonics platform. Special interest is being shown towards compact
photonic integrated circuits operating at the telecommunication wavelengths [40–43]
of 1500 nm useful for quantum key distribution systems. For such applications,
photodetection is a key component and the recent development of the integrated
waveguide-coupled photodetectors with silicon photonics platform [35] is a prime
focus. A natural culmination of such requirements is the use of APDs due to the
presence of high gain achievable via the the process of avalanche multiplication. In
the same vein, the uncertainty of this process leads to the addition of noise (called
the excess noise) which needs to be accounted for, when designing such devices.
Garnering special interest is the development of optical detectors which provide
high gain while also being compatible with integrated optical platform such as [41,
42]. Recent efforts have resulted in waveguide-coupled Ge avalanche photodiode
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integrated within a photonics platform [44, 45] where the use of Ge as both the
absorber and the multiplication region resulted in significant noise figures due to
its avalanche characteristics [44]. To eliminate this issue, a separate absorption and
multiplication APD with top-down illumination using Ge on Si has been designed and
implemented where the photon is absorbed in the Ge and the avalanche multiplication
takes place in the Si layer. Not only is it expected that the noise figures improve,
the use of mature CMOS technology allows for the easy development of this setup,
making it more attractive from a fabrication point of view. Since the structure utilizes
vertical absorption in Ge and lateral multiplication in Si, leading to an electric field
which is 3-dimensional in nature, it is called the 3D-Si LAPD (3D-Si lateral APD)
henceforth.

2.1.1

Objective

The goal of this work is to analyze the characteristics of the avalanche multiplication process in 3D-Si APDs and develop the mechanism to predict the statistical
quantities of other 3D APDs. In more specific terms, the statistical characteristics within the 3D-Si LAPD such as the mean avalanche gain, the excess noise factor, the breakdown probability are predicted, all as functions of the applied reverse
bias. Other performance measures of interest, such as the tunneling current and the
gain-bandwidth product will also be predicted. The prerequisites for running this
model include knowledge of the 3D profile of the electric field in the device for each
bias as well as the ionization material properties of Si (e.g., ionization coefficients
and the ionization threshold energy). The use of the model developed by Hayat et
al [31, 32, 46], as well as its 3D extension [38] is made to perform the Geiger-mode
calculations related to avalanche multiplication within the 3D-Si LAPD.
The cross section of a representative 3D-Si LAPD, fabricated at Sandia National
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Figure 2.1: Cross-section of the Si LAPD device shown with the applied electric field.
The white box encloses the multiplication region.

Laboratories, is shown in Fig. 2.1. In this device, photons are absorbed in the
low-field germanium absorber. A photo-generated electron then moves along the
electric field lines, within the absorber, to the p region, which is located directly
below germanium. Once at the edge of the high-field region, i.e., at the i-Si/p-Si
interface, the parent electron is swept into the i-Si high-field region, which is termed
the multiplication region, where it undergoes a chain of impact ionizations leading
to avalanche gain. The difference between the traditional APDs and the structure
depicted here is that the avalanche multiplication process takes place in a highfield volume in Si, over which the electrons and holes follow curved trajectories in
a three-dimensional space. It is to be noted that traditional models for avalanche
multiplication process, which assume trajectories in only one dimension (suitable
for planar APDs), are not applicable to 3D-Si LAPDs as the multiplication process
occurs along 3D trajectories.

17

Chapter 2. 3D Si-Ge LAPD

Figure 2.2: Cross-section of the Si LAPD device shown with the applied electric field.
The white box encloses the multiplication region.

2.1.2

Methodology

The methodology to determine the statistical properties of the avalanche process in
the multiplication region of the 3D-Si LAPD, which is shown by the white box in
the device cross section in Fig. 2.2, and further illustrated in Fig. 2.3 is described
here. Although this method was first developed in [38] in the context of nanopillar
core-shell APDs, it will be adapted to the performance-characterization problem for
3D-Si LAPDs in this work. The main steps of our approach for modeling the 3D-Si
LAPD are listed below, followed by a brief description of each step.

• Determination of the 3D electric-field profile and the 3D multiplication paths
• Analytical modeling for the mean avalanche gain and the excess noise factor
under 3D electric fields using the general 3D-multiplication analytical approach
described in [38]
• Analytical modeling for the breakdown probability under 3D electric fields
• Determination of the probability distribution of the multiplication-region paths
18
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Figure 2.3: 3D depiction of the multiplication and absorption regions.

and calculation of path-averaged statistics of the avalanche multiplication process
• Determination of the mean impulse response for each electron trajectory within
the multiplication region.
• Determination of the gain-bandwidth product for each electron trajectory
within the multiplication region
• Analytical model to determine the dark current in the device.
• Determinination of the photon detection efficiency and the dark count rate in
the device.

2.1.3

Determination of the 3D electric-field profile and the
3D multiplication paths

Due to the symmetry within the device, the lateral electric field (Ex ) and transverse
electric field (Ey ) are duplicated in the z-direction. Therefore, the three-dimensional
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model can be simplified and collapsed to a two-dimensional model. Before attempting
to analyze the multiplication process, the region where the avalanche process is
occurring must be determined. As such, the electron trajectories in the device and
the corresponding electric-field components at each position need to be found. In the
3D-Si LAPD, the electrons move along curved paths inside the multiplication region
in the opposite direction of the electric field. For the sth trajectory, the parametric
representation is (xs (t); ys (t)), where t ∈ [0; τs ], and (xs (0), ys (0)) and (xs (tf ), ys (tf ))
represent the starting point and final point of the trajectory, respectively. Each
path, i.e., each s value, represents the vertical location on the right edge of the white
box, where a photogenerated (parent) electron enters the multiplication region. In
addition, for the sth trajectory, Ls (t) is defined to be the parameterized length of the
trajectory within the multiplication region, where L(0) = 0 and L(τs ) represents the
full length of the trajectory.

The calculated electric field within the multiplication region was initially provided to us by SNL for a given reverse bias voltage applied to the Ge contact (this
reverse-bias voltage was assumed as -10 V). Initially, for use within the 3D modeling,
the multiplication width of 800 nm was taken to run the simulations whereas later a
multiplication region width of 500 nm was chosen to provide a more concrete comparison to the experimental results as documented in [35]. The electron trajectories
were then calculated numerically by following the spatial directions of the electric
field and by using the equipotential lines in the multiplication region as a guide. The
trajectories are shown in Fig. 2.4. Note that the electron path through the device is
deterministic: each electron follows one and only one trajectory through the material and all offspring carriers generated on these paths will follow the same trajectory
once they are created through impact ionization. Moreover, each electron trajectory
in the multiplication region is based on the electric-field profile along the path. In
Fig. 2.5, the electron paths are shown with reference to the 3D-Si LAPD device.
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Figure 2.4: Trajectories of the parent electrons as they enter the multiplicationregion
at the right side of the white box.

2.1.4

Analytical model for the mean avalanche gain and the
excess noise factor under 3D electric fields

Earlier, the generalized dead-space multiplication theory [31, 32, 46] was applied to
the case in [38] when the electric field in the multiplication region is three dimen-

Figure 2.5: Trajectories of the electrons as they enter the multiplication region with
reference to the 3D-Si LAPD device.
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sional. The germane aspects of the theory are presented here, and expressions are
provided for the necessary ingredients that make the calculations of the statistical
properties of the avalanche multiplication possible for the 3D-Si LAPD. These include the formulas for the non-local electron and hole ionization coefficients in Si, the
dead space in Si, and the probability density functions for the free distance traveled
by a newly-born carrier before the first ionization. Specifically, these quantities are
ultimately incorporated into coupled recursive (integral) equations to determine the
statistical properties for the avalanche process of each trajectory.
For convenience, the notation for the trajectory label, s is dropped. Suppose
that a photogenerated (parent) electron enters into a path in the multiplication
region and begins to impact ionize (each electron-initiated impact ionization results
in two fresh electrons, counting the reborn parent electron, and a freshly born hole).
Note that the offspring holes also follow the same path, in the opposite direction, and
too impact ionize (each hole-initiated impact ionization results in two fresh holes,
counting the reborn parent hole, and a freshly born electron).
Consider a newly-created electron born at position L(t) = x on the path. It will
travel a free distance in the opposite direction of the electric field before it impact
ionizes at position L(η) = ξ, where t ≤ η ≤ τ and L(τ ) = w. The same can be
said about a newly born hole somewhere on the multiplication path. Let he (ξ|x) and
hh (ξ|x) denote the probability density functions for an electron and hole to impact
ionize at t = η given that it started from time t, respectively. According to the 3D
extension of the dead-space multiplication theory:
he (ξ|x) = α(ξ|x))e−

Rξ

x+de

α(x)dx

u(ξ − x)

(2.1)

u(x − ξ),

(2.2)

and
hh (ξ|x) = β(ξ|x)e−

R x−dh
ξ

β(x)dx

where α(.) and β(.) are the position-dependent non-localized ionization coefficient,
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de (t) and dh (t) are the position-dependent dead space associated with the electron
and hole, respectively, created at position L(t), and u(x) is the unit step function.
Similarly, knowing the electric field at each position, the ionization coefficients can
be determine as follows:
Be

me

Bh

mh

α(x) = α(x(t), y(t)) = Ae e−( |E(x,y)| )

(2.3)

and
β(x) = β(x(t), y(t)) = Ah e−( |E(x,y)| )

,

(2.4)

where A, B and m are material-dependent parameters described below. The electron’s age-dependent dead space is computed by equating the ionization threshold
energy to the energy gained from the carrier travel in the space-varying electric field.
Thus, the electron age-dependent dead space is the minimum d value that satisfies
the equation
Z
Z
q
E(y)dr = q
C

(L+d)

E(l)r′ (l)dr = Eth,e ,

(2.5)

L(t)

where C is the electron path, Eth,e is the ionization threshold energy for electrons
for the material, q is the electron charge, and r(τ ) is the function representing,
parametrically, the electron path at position. Similarly, the holes age-dependent
dead space is computed as the minimum d value that satisfies the equation
Z L(t)
E(l)r′ (l)dr = Eth,h ,
q

(2.6)

(L−d)

where Eth,h is the ionization threshold energy for holes for the material. By solving
(2.5) and (2.6) numerically, the dead space was found for an electron generated
at each location along the trajectory. For the case of 3D-Si LAPD, the enabled
ionization parameters used were extracted from the recent formulation by Cheong et
al. [7,8], relating the experimental and enabled ionization coefficients, and are shown
in Table 2.1. The recurrence equations for the generalized dead-space multiplication
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Electron
Hole

A(x105 cm−1 )
7.03
6.71

B(x105 V)
12.3
16.91

Eth
1.8
2.4

m
1
1

Table 2.1: Device ionization coefficients used in the 3D analytical model to evaluate
the statistical characteristics of the Si device [7, 8].

theory used in [38] are now reviewed. Consider an electron on one of the electron
paths at a length L(t) = x from the starting position of the multiplication region,
with 0 ≤ t ≤ τ . The recurrence equations are generalized for the random variables,
Z(x) and Y (x), by assuming that the electron produces Z(x) of electrons and holes,
including the parent electron, while Y (x) represents the random number of the total
electrons and holes produced by the hole at location x on the multiplication path,
including the parent hole itself. An electron is considered at length x from the
starting position of the multiplication region which, after traveling along the path
a random distance, undergoes an impact ionization, generates two electrons and a
hole at the the random location L(η) = ξ, with t ≤ η ≤ τ . Conditioning on the first
ionization occurrence at location ξ, the total number of carriers produced is
Z(x|ξ) = Z1 (ξ) + Z2 (ξ) + Y (ξ).
By averaging over all possible ξ, the conditioning can be removed and the expected
value of the total number of carriers becomes
Z w−x
Z ∞
[2z(ξ) + y(ξ)]he (ξ|x)dξ
he (ξ|x)dξ +
z(x) =

(2.7)

0

w−x

and
y(x) =

Z

∞

hh (ξ|x)dξ +
x

Z

x

[2y(ξ) + z(ξ)]hh (ξ|x)dξ,

(2.8)

0

where the first term on the right side represents the case when the parent carrier
travels the multiplication region without any impact ionization. The above coupled
integral equations can be solved numerically using linear iterations [31]. In the end,
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the mean avalanche gain can be found using g = 0.5[y(0) + z(0)] [31, 32, 46]. The
excess noise factor is calculated as follows
F =

(z2 (0) + 2z(0) + 1)
(z(0) + 1)2

(2.9)

where z2 is a second moment of Z and can be calculated from the recurrence integral
equations shown below:
Z
Z ∞
he (ξ|x)dξ +
z2 (x) =
w−x

w−x

[2z2 (ξ)+y2 (ξ)+4z(ξ)y(ξ)+2z 2 (ξ)]he (ξ|x)dξ (2.10)
0

and y2 is the second moment of Y which satisfies
Z x
Z ∞
[2y2 (ξ) + z2 (ξ) + 4z(ξ)y(ξ) + 2y 2 (ξ)]hh (ξ|x)dξ. (2.11)
hh (ξ|x)dξ +
y2 (x) =
x

0

As before, (2.10) and (2.11) can be solved numerically using linear iterations,
where the calculations are performed for each path and for each electric-field profile
for the path. As the electric field values are scaled up and down (corresponding to
scaling the reverse bias up and down), different pairs of points for g and F can be
achieved.
Note that whenever necessary, the dependence on the path is explicitly included.
For example, we can write zs instead of z, z2,s instead of z2 , ys instead of y, y2,s
instead of y2 , gs instead of g, and Fs instead of F . Note that the ionization densities
he and hh are also path dependent the explicit reference to this dependence may be
omitted for brevity of notation whenever the context is clear.

2.1.5

Analytical model for the breakdown probability under
3D electric fields

To evaluate the breakdown probability as a function of the applied reverse bias within
the multiplication region, the recursive equations developed by Hayat et al. in [46] are
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used and extended to the 3D electric field. Let P{Z(t)} be defined as the probability
that Z(t) is finite, i.e., PZ = P {Z(t) < ∞}; and similarly, let PY = P {Y (t) < ∞}.
The two recursive integrals characterizing PZ and PY are given by
Z w−x
Z ∞
[PZ2 (x + ξ)PY (x + ξ)]he (ξ|x)dξ
he (ξ|x)dξ +
PZ (x) =

(2.12)

0

w−x

and
PY (x) =

Z

∞

hh (ξ|x)dξ +
x

Z

x
0

[PY2 (x − ξ)PZ (x − ξ)]hh (ξ|x)dξ

(2.13)

These recursive equations can be solved using the linear-iteration method, as before,
for each multiplication path and each path electric field profile (i.e., for each reverse
bias). Finally, the path specific breakdown probability, for the sth path, is calculated
as Pb,s = 1 − PZ,s (0), where it is understood the integral equations were solved for
the same path.

2.1.6

Determination of the probability distribution of the
multiplication region paths and calculation of pathaveraged statistics of the avalanche multiplication process

Photogenerated electrons traveling from the absorbed and all the way to the multiplication region of a 3D-Si LAPD may take many different paths. Namely, depending
on where a photon was absorbed laterally, the photogenerated electron may end
up on a specific multiplication path in the multiplication region. The association
between the photon-absorption location and the multiplication path (in the multiplication region) can be determined once the electric field in the absorber and the
p-type silicon is computed and the electron paths from the absorbing location to the
edge of the multiplication region are identified.
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Depending on the probability distribution of the location of the photons laterally,
there will be an induced probability distribution for the multiplication paths. That
is to say, each of the possible multiplication paths has its own individual probability
of being activated (selected by the absorbed photon). Let p(s) denote the probability
distribution of an electron that enters into the multiplication region at a distance s
(right edge of the white box in Fig. 2.1, with 0 ≤ s ≤ smax . Recall from the previous
subsection that the values of z and z2 correspond to each path, s. Then, utilizing
the probability density function (pdf) and the paths, the average (over paths) of the
mean avalanche gain, hgi and the average excess noise factor, hF i of the device can
be calculated at a given voltage using the relations
R smax
z2 (0)p(s)ds + 1
hgi = 0
2

(2.14)

and,
hF i =

R smax
0

z2,s (0)p(s)ds + 4hgi − 1
4hgi2

(2.15)

Again, hgi and hF i is repeated for each reverse-bias voltage, and a plot of hF i
versus hgi is obtained. A similar calculation is performed to calculate the average
breakdown probability over all possible paths. More precisely, the path-averaged
breakdown probability is calculated from the relation
Z smax
P(b,s) p(s)ds
hP i =

(2.16)

0

As stated earlier, the multiplication-paths probabilities are dependent on the probability distribution of photon-absorption location laterally in the germanium. In
our calculations uniform illumination is assumed laterally across the germanium absorber and that the electric field points purely downward in germanium. With this,
the probability distribution p(s) for multiplication-path assignment can be calculated. Calculations are also performed by assuming specific widths of the pdfs p(.).
This allows for the determination of the absorption profiles which give best avalanche
properties in the 3D-Si LAPD.
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2.1.7

Analytical model for the mean impulse response under
3D electric fields

To determine the mean impulse response of the different electron trajectories within
the multiplication region, the analytical model developed by Hayat et al. [31, 32, 46]
are generalized to the case in [38] when the electric field in the multiplication region
is three dimensional. Here, expressions for the necessary ingredients that make the
calculations of the statistical properties of the avalanche multiplication possible for
the 3D-Si LAPD are provided. A similar method to that discussed in Section 2.1.4
is used to find the non-local electron and hole ionization coefficients in Si, the dead
space in Si, and the probability density functions for the free distance traveled by
a newly-born carrier before the first ionization. Specifically, these quantities are
ultimately incorporated into coupled recursive (integral) equations to determine the
statistical properties for the avalanche process of each trajectory. By assuming that
Ze (t, x) is the random number of electrons produced by the parent electron and
Zh (t, x) is the random number of holes produced by the electron and its offsprings,
at time t and location x, respectively, the impulse response can be expressed as

I(t) =

q
{ve Ze (t, 0) + vh Zh (t, 0)}
w

(2.17)

Once the statistical properties of Ze (t, x) and Zh (t, x) are determined, the statistics
of I(t) can be deduced.
The recursive equations for the random variables Ze (t, x), Zh (t, x), Ye (t, x) and
Yh (t, x) are next to be developed. To simplify the derivation, the cases of t ≤
(w − x)/ve , corresponding to the time before the electron reaches the boundary at
x = w and t ≥ (w − x)/ve , corresponding to the time after the electron reaches the
boundary at x = w, are considered separately. By doing so, the mean quantities
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ze (t, x) = hZe (t, x)i and ye (t, x) = hYe (t, x)i for all t can be defined as
ze (t, x) = u1 (t, x)[1 − He (ve t)]
min(w,x+v
e t)
Z

+

x

Zx

ye (t, x) =


s−x
s−x
), s) + ye (t − (
), s) he (s|x)ds (2.18)
2ze (t − (
ve
ve




x−s
x−s
2ye (t − (
), s) + ze (t − (
), s) hh (s|x)ds (2.19)
vh
vh

max(0,x−vh t)

zh (t, x) =

min(w,x+v
e t)
Z

[2zh (t − (

x

s−x
s−x
), s) + yh (t − (
), s)]he (s|x)ds
ve
ve

(2.20)

yh (t, x) = u2 (t, x)[1 − Hh (vh t)]+
Zx
x−s
x−s
[2yh (t − (
), s) + zh (t − (
), s)]hh (s|x)ds (2.21)
vh
vh
max(0,x−vh t)

Here, the 3D electric field is accomodated for by including both the distance traveled as well as the time traversed by the electron as it makes its way along the
multiplication region. The probability distribution function is given by
Zx

He (x) =

he (x′ )dx′

(2.22)

hh (x′ )dx′ .

(2.23)

−∞

and
Hh (x) =

Zx
−∞

Denoting the mean impulse response hI(t)i by i(t), it can then be simplified to
i(t) =

q
{ve ze (t, 0)
w

+ vh zh (t, 0)}. Since each location acts as a separate APD, the

multiplication region is traversed and the linear iteration method, outlined above, is
used again to solve for the mean impulse response for each path. Once the statistical
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properties of Ze and Zh are determined, the statistics of I(t) can be obtained and
the mean impulse response can be found for the given electron trajectory inside the
3D multiplication region [32]. As a separate check to ensure the impulse response
found is correct, the area under the curve of the normalized time and mean impulse
response is evaluated and compared to the mean gain for that given path and bias
and it is seen that there is agreement in the values.

2.1.8

Analytical model for the gain-bandwidth product of
the APDs

Each path within the 3D multiplication region, acting as a separate APD, has its
own gain and 3-dB bandwidth value and the gain-bandwidth product can be used
as a figure of merit for device characterization. To do so, the frequency response
of the impulse response is used to find the 3-dB value, which is then multiplied
with the gain at that particular bias. This is done for each activated path within
the multiplication region, namely, the paths that enter the multiplication region
dependent on the absorption profile of the germanium absorber.

2.1.9

Analytical model for the dark current under 3D electric fields

The dominant mechanism of dark-carrier generation in a specific SPAD is dependent
upon many factors like its physical structure and operating conditions such as the
bias voltage and temperature. For the case under consideration here, the dominant
contributor to the dark current is the field assisted tunneling present due to the
exponential increase in the dark carriers because of the increase in electric field. To
take this effect into account, the equation that governs the dark-current density [47,
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48] is stated here as.
√
√

3/2 
2m∗ q 3 Em V
θ m∗ E g
Jtunn =
e −
1/2
qEm ~
4π 2 ~2 Eg

(2.24)

where m∗ is the effective electron mass, Em is the applied electric field, θ is the
tunneling constant dependent on the tunneling shape, Eg is the band-gap energy of
the material making up the multiplication region and the remaining symbols take on
their usual meaning and are listed in Table 2.2. The tunneling current within the
device can then be calculated using Itunn = Jtunn Ad where Ad is the cross-sectional
area for the device.
Silicon

Eg [eV]
1.17

m∗
0.041*mo

θ
0.56

Table 2.2: Electronic parameters for silicon used to evaluate the number of dark
carriers and the dark current [9].

2.1.10

Photon detection efficiency and dark count rate
within the 3D electric field

The traditional performance metrics, such as the photon detection efficiency, PDE,
and dark count rate, DCR, are specified here to be used in characterizing the photodetector. They are subsequently defined as
DCR , Nd Qd

(2.25)

P DE , ηQph

(2.26)

and

where Nd , the number of dark carriers per second, is defined as Nd =

Jtunn Ad
,
q

Qd

is the average distributed-carrier breakdown probability resulting from dark carriers
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that are randomly generated inside the SPAD; Qph is the injected-carrier breakdown
probability resulting from a carrier pair photogenerated in the absorber (assumed
to be generated only at the edge of the absorption and multiplication region in
our case) and η is the SPAD’s quantum efficiency. Mathematically, the breakdown
probabilities are then defined as
Z wmf

1
1 − PZ (x)PY (x) dx
Qd =
wmf − wmi wmi

(2.27)

and

Qph = 1 − PZ (0)PY (0) .

(2.28)

In order to obtain these figures of merit for the 3D electric field profile within the
multiplication region, the number of dark carriers are calculated. Care must be
taken to account for the varying electric field at each unit distance along the chosen
electron path and the pdf of the number of carriers used to find the total number of
dark carriers along the path. Using the total number of dark carriers allows us to
not only evaluate the dark current along each path inside the 3D device; but also to
use them in conjunction with (2.12) and (2.13) to evaluate the probabilities needed
for (2.27) and (2.28) and find the DCR and PDE. Knowing these parameters, the
device can be characterized in much more detail and predictions can be made about
the device performance.

2.2

Modeling results

To find the avalanche characteristics for the multiplication region, each calculated
electron path is chosen and the avalanche gain and excess noise factor is found along
it. In the following subsections, the results of the analysis performed on the 3D-Si
multiplication region for ionization parameters extracted from [7, 8] will be shown.
Since data was provided for only one reverse bias, the electric fields was scaled up in
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the multiplication region so that the avalanche statistics of the device for different
applied reverse bias may be evaluated.

2.2.1

Electron paths in the multiplication region

To determine the path that a photo-generated electron will take within the 3D multiplication region, the electric field lines are followed as described earlier. Note that
the electric field is different along each path as shown in Figs. 2.6 and 2.7. Each color
signifies a different path that an electron may take along the multiplication region.
The red lines represent the electron trajectories at the top edge of the multiplication
region whereas the blue curves represent the trajectories from the bottom edge of
the multiplication region.

2.2.2

Excess noise factor as a function of the mean avalanche
gain

The calculations of the mean gain and excess noise factor for all possible locations
were performed using eqns. (2.7), (2.8), (2.10) and (2.11); these equations were solved
numerically using a simple linear-iteration method for each possible trajectory and
the results are shown in Fig. 2.8. As a reference, the excess noise factor and the mean
avalanche gain for the case of a p-n silicon with different depletion (multiplication)
widths in Fig. 2.9 taken from [6] is shown. As can be seen, the 3D-Si LAPD shows
lower noise characteristics as compared to the constant-electric field devices due to
the variability of the dead spaces along each path.
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Figure 2.6: Transverse electric field plotted against the path length. The red lines
represent the electron trajectories at the top edge of the multiplication region whereas
the blue curves represent the trajectories from the bottom edge of the multiplication
region.

2.2.3

Mean avalanche gain as a function of the reverse bias

The path-specific mean avalanche gain as a function of the applied bias voltage is
shown for all the trajectories in Fig. 2.10. It can be seen that each path has associated
with it, its own gain and also the reverse bias voltage which signifies the breakdown
voltage for that particular path.

2.2.4

Breakdown probability as a function of the reverse bias

Using the linear-iteration method for each possible trajectory in the 3D multiplication
region, (2.12) and (2.13) were solved numerically and the breakdown probability is
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Figure 2.7: Lateral electric field plotted against the path length. The red lines
represent the electron trajectories at the top edge of the multiplication region whereas
the blue curves represent the trajectories from the bottom edge of the multiplication
region.

plotted in Fig. 2.11. The path-specific breakdown voltage is identified with the
reverse-bias value at the onset of each curve when the probability becomes non-zero.
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Figure 2.8: The excess noise factor, hF i, as a function of mean gain, g, for different
possible paths.

2.2.5

Injection-location probability distribution in the multiplication region

The data provided by SNL did not include the fields in the germanium absorber
nor the p-type Si. These fields are needed to find the trajectory of photo-generated

Figure 2.9: The excess noise factor, F , as a function of mean gain, g, for different
depletion widths in a PN silicon device. The depletion widths are between 122 nm
(Np = 1x1017 ) and 52 nm (Np = 6x1017 ) [6].
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Figure 2.10: The mean gain, g, as a function of reverse bias for different paths.

electrons as they are transported from the location of absorption in Ge to the multiplication region at the interface of the p-type and i-type Si. In lieu of this, Sentaurus
TCAD was utilized to find the fields in order to obtain the absorption probability
distribution for the 3D-Si LAPD. As described in the methodology, the assumption of
uniform absorption across the germanium absorber as well as electrical fields across it
chosen to be going vertically down was taken. By doing so, the injection probability
distribution of the electrons was found easily as they enter into the multiplication region. This means that only some of the paths in the multiplication region contribute
to the gain of the device and other calculated paths are never traveled by the injected
electron. The cross section of the absorber, the electric field distribution, as well as
the electron paths are shown in Fig. 2.12. Only a small subset of the multiplication
paths can actually be activated by the photo-generated photons; these are the paths
between the two arrows in Fig. 2.13.
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Figure 2.11: The breakdown probability as a function of the applied reverse bias
voltage.

2.2.6

Path-averaged excess-noise factor as a function of
path-averaged mean avalanche gain

The absorption probability distribution found using the simulated fields was used to
find the average mean gain and average excess noise for each voltage over all locations
using Eqns. (2.14) and (2.15); the results are shown in Fig. 2.14.
The deviation of the behavior of the excess-noise factor 3D-Si LAPD from that in
traditional Si PIN can be attributed to variability in activated multiplication paths
(i.e., different electric-field profiles across paths). This can be seen by noting that
both the average excess noise factor and average mean avalanche gain are sensitive to
the injection probability distribution. This is a consequence of the assumption that
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Figure 2.12: Cross section of the multiplication region; the inset shows the field lines
in the p-Si region used to determine the absorption.

the absorption profile is uniform in germanium in the lateral direction. This may not
be the case in the other fabricated devices. For example, if the photon injection is
confined in the germanium absorber to certain paths (for which the gain is known to
be high) while keeping the mean of the distribution constant, the reduced uncertainty
as the photogenerated electron enters the multiplication region increases the average
mean gain and reduces the average excess noise factor of the device simultaneously.
The resulting average mean gain and average excess noise factor is shown in Fig. 2.14.

2.2.7

Average breakdown probability as a function of the
reverse bias

The average breakdown probability is found as a function of the applied reverse bias
using the absorption probability distribution from the simulated fields. This is shown
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Figure 2.13: The activated paths in the multiplication region are shown between the
two arrows.

in Fig. 2.15.

2.2.8

Impulse response for the selected paths under 3D electric field profile

The impulse response for the select activated paths within the multiplication region
are shown in Fig. 2.16. The bandwidth of the selected path-specific APD can be
estimated by finding the time instant when the impulse response value falls to 1/e
of its’ maximum. By doing so, it can be seen that the estimated gain-bandwidth
product for the selected path is ≈ 170 GHz.
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Figure 2.14: The average mean excess noise factor as a function of the average mean
gain is shown for the activated paths within the multiplication region.

2.2.9

Gain-bandwidth product of the activated paths within
the 3D multiplication region

To find the gain-bandwidth product of the activated paths within the multiplication
region, the frequency response of the impulse response is found first. Using this
data, the 3-dB bandwidth for each electron trajectory is calculated. Shown here
are the frequency response for four selected paths, all with the different applied
reverse biases. Only the activated paths within the multiplication region as given by
Fig. 2.13 are displayed here with the results shown in Fig. 2.17. For these paths, the
predicted gain-bandwidth is ≈ 170 GHz. When compared to the gain-bandwidth
product found for the experimental device, it is observed that there is a mismatch
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Figure 2.15: The average breakdown probability is shown as a function of the applied
reverse bias

between the two. A possible explanation for this could be the unaccountablity of RC
time, needed to stabilize the circuitry, within our 3D model. For higher gains (for
example from 10 − 28), it is noted that the average gain-bandwidth product from the
experiment is in agreement with the calculated value found through the 3D modeling
as shown in Fig. 2.18.

2.2.10

Tunneling current within the 3D electric field region

The dark current within the 3D multiplication region is dependent primarily upon
the high tunneling current across the device. This is because, as mentioned before,
a slight increase in the high electric field exponentially increases the tunneling cur-
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Figure 2.16: The impulse response with respect to the time in seconds. The total
time for 20 periods is 150 ps. The results shown here are for one activated path
within the multiplication region at different bias voltages.

rent. The dark current within the 3D multiplication region is predicted by taking
into account the number of dark carriers within the 3D multiplication region. The
assumption here is that the dark carriers are generated within the multiplication
region only. Knowing this, the dark current within the multiplication region as well
as the dark current for each path can be evaluated as the applied reverse bias is
varied across it, as shown in Figs. 2.19 and 2.20. A point to note here, the predicted
dark current within the device is much smaller than the measured dark current (
which is on the order of ≈ 10−6 A). This may be due to multiple reasons such as the
assumption in our model that there are no leakage currents within the device and
that there are no dark carriers generated within the absorption region.
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Figure 2.17: The logarthimic representation of the bandwidth for four different paths
shown as a function of the mean gain. For the activated paths within the multiplication region, the gain-bandwidth product can be calculated as ≈ 170GHz

2.2.11

Dark count rate and photon detection efficiency
within the 3D electric field region

Using (2.25) and (2.26), the dark count rate and the photon detection efficiency can
be predicted within the multiplication region. It is important to note here that in
this model, the carrier pairs photogenerated in the absorber are neglected and only
those generated in the multiplication region are considered. This simplifies (2.27)
significantly with the results shown below in Figs. 2.22 and 2.21.

2.3

Optimization

The model developed in this work is not only a comparison tool, working to predict
the characteristics of the avalanche behavior, it also provides the means for optimizing
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Figure 2.18: The gain-bandwidth shown as a function of the mean gain. When
the experimental system is stabilized, our gain-bandwidth calculation from modeling
agrees with the average experimental evaluations.

the given designs. Using the model’s ability to vary, for example, the width of the
device, or the paths actvated, one can find the optimal operational conditions for
which the design gives the least noise (and hence the best SNR). Not only this, by
using this model in conjuction with other readily available tools such as TCAD, there
now exists the capability to design new devices conceptually as well as analyze their
behavior before they are fabricated. This makes the 3D extension of the DSMT
developed in this work invaluable for the development of novel APD designs.
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Figure 2.19: The tunneling current for the different paths shown as a function of the
multiplication width along the 3D-Si LAPD.

2.4

Conclusions

The avalanche statistics for the 3D-Si LAPD have been predicted by taking into
account all possible trajectories that a photo-generated electron might take inside the
multiplication (undoped Si) region of the device. The mean avalanche gain and the
breakdown probability for all the paths were calculated as a function of the reversebias voltage across the device while the excess-noise factor was calculated for each
path as a function of the mean avalanche gain. Moreover, the mean avalanche gain,
excess-noise factor and breakdown probability were also averaged over all possible
multiplication paths activated by photo-generated electrons inside the multiplication
region. Our modeling effort shows that the 3D-Si LAPD behaves as multiple APDs
in tandem. Depending on the location of the absorbed photon in the Ge absorber
layer, a unique path is activated inside the 3D multiplication region, yet only a
subset of paths, from the totality of all 3D paths in the multiplication region, can be

46

Chapter 2. 3D Si-Ge LAPD

Figure 2.20: The tunneling current for the different paths shown as a function of the
applied reverse bias within the 3D-Si LAPD.

activated by photo-generated electrons. The variability in the path-specific avalanche
characteristics can result in an increase in the overall (path averaged) excess-noise
factor. This effect can be reduced by controlling the photon injection within the
germanium absorber and hence improving the gain-noise statistics. The implications
of these observations are twofold. When considering linear-mode operation, the
average mean avalanche gain and average excess noise factor must be considered as
measures of the performance of the 3D-Si LAPD device. On the other hand, for
Geiger-mode operation the device must be operated at a reverse-bias voltage that
exceeds the largest breakdown voltage associated with the subset of paths that can
be activated by photo-generated electrons.
By modifying the absorption profile of the photons across the absorber the ability
to further improve the gain and noise characteristics within the device is provided.
Moreover, an improvement in the avalanche characteristics can be achieved by reducing the width of the multiplication region which reduces ambiguity in the paths
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Figure 2.21: The photon detection efficiency as a function of the dark count rate
represented for the activated paths within the multiplication region.

Figure 2.22: The dark count rate as a function of the applied reverse bias for the
activated paths within the multiplication region.

48

Chapter 2. 3D Si-Ge LAPD
that a photo-generated electron may follow within the multiplication region. By
using our 3D model, the mean impulse response of the APDs within the 3D multiplication region can also be predicted correctly. The 3-dB bandwidth, as well as the
gain-bandwidth product, are then easy to calculate. Along with the prediction of
the dark current in the device based on the 3D electric field profile, other key performance characteristics of the 3D photodetector, such as the dark count rate and the
photon detection efficiency can be estimated easily. It is found that the modeling
prediction is in agreement with the device performance recorded experimentally and
hence can be used to design a 3D-Si LAPD.
Finally, the 3D-Si LAPD has a unique property that may be useful for spectroscopy. Since the avalanche characteristics (e.g., excess-noise versus gain and gain
versus reverse bias) depend on the activated path, which, in turn, depends on the
lateral location of the photon absorption in Ge, one can exploit this property to
back-calculate the wavelength of the absorbed photon. This can be done in either
linear or Geiger modes of operation.
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Closed form expression for mean
gain and the excess noise factors in
the presence of dead space

3.1

Introduction

Avalanche photodiodes (APDs) play an important role in detecting low-level light
due to their greater sensitivity as compared to PIN diodes, and for this reason they
are used extensively in many optical systems [49,50]. The increased sensitivity comes
from the APD’s gain that is the outcome of the chain of electron/hole impact ionizations in a high-field depletion (multiplication) region. Although the APD’s high gain
is an advantage, the accompanying excess noise, which results from the stochastic
nature of the impact ionization process, is an undesirable effect that undermines the
benefits of the gain, as described earlier. For an APD, the dead space is defined as
the minimum distance that a newly-generated carrier must travel in order to attain
enough energy to be able to impact ionize [31]. When the APD multiplication-region
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dimension is in submicrons, the dead space becomes an important factor and needs
to be included in the calculation of the excess noise [51, 52].
One of the first analytical models to calculate the multiplication gain and the
excess noise for APDs was developed by McIntyre [18] without taking the dead-space
effect into account. This model, also known as the local ionization model, assumed
that an electron (hole) at position x will impact ionize regardless of its ionization
history. Consider a multiplication region extending from x = 0 to x = w, with
an electric field applied in the negative x-direction and a photo-generated electronhole pair at x inside the multiplication region. This electron-hole pair will start
a chain of ionizations inside the multiplication region, and all electrons [holes] will
undergo, on average, α(x′ )dx [β(x′ )dx] impact ionizations per unit distance, dx,
where 0 ≤ x′ ≤ w. The multiplication factor, M (x), for this device is the average
total number of electron-hole pairs generated in the depletion layer from a single
electron-hole pair at x. The formula for the multiplication factor was derived by
McIntyre [18] as stated in (1.1). In the special case when the electric field is constant
across the multiplication region and the ionization coefficients are equal, we obtain
hGi =

1
.
1 − αw

The excess noise factor, used as a measure of APD’s gain fluctuation [53], is denoted
as F and was found to be (1.2) [18], where k is the ionization ratio, β/α. Since this
model lacked the inclusion of the dead space, it failed to give an accurate representation of excess noise factor for devices with smaller multiplication regions [1,51,54].
To account for the dead-space effect in APDs, Hayat et al. developed the deadspace multiplication theory (DSMT) [31, 32] where they derived pairs of recurrent
coupled integral equations to find the mean gain and excess noise factor. This model,
called the non-local model, incorporated the carrier history in its calculations. Once
the carriers have traversed the dead space, they are called enabled, with enabled
ionization coefficients, α∗ and β ∗ , for electrons and holes [1], respectively. These
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recursive integral equations were solved numerically [31, 54], using an iterative approach, referred to here as the exact numerical method (ENM), with results confirmed subsequently by both Monte Carlo simulations [55] as well as experimental
data [1, 51, 54]. Unlike McIntyre’s local-theory model, however, there was a lack of
closed form formulas for the mean gain and excess noise factor using the DSMT.
Analytical expressions for mean gain and excess noise factor are useful in calculating other characteristics of the APD such as the signal-to-noise ratio and the error
probability in optical receivers [20].
To address the need for analytical expressions for avalanche multiplication in
the presence of dead space, Spinelli et al. solved the DSMT equations analytically
using the first-order expansion of the recursive integral equations. Although their
work included the analytical solution for the mean gain [56], it did not handle any
excess noise calculations. Hayat et al. found an approximate solution to the DSMT
equations and obtained closed form approximate formulas for the mean gain and
excess noise factor for the case of unequal ionization coefficients (k 6= 1) [33]. This
approach has been termed as the characteristic method (CM) [33] and although the
formula for the mean gain is relatively simple, the expression for excess noise factor
involves the inversion of 9 by 9 matrix.
The CM approach is extended here to obtain the formulas for the mean gain and
excess noise factor from [33] by assuming k = 1. This is a valid assumption for APDs
where the multiplication width is small and the applied electric field is high. This
phenomenon is depicted in Fig. 3.1, where the ionization parameters for Si, InP and
GaAs have been plotted as a function of the electric field. It can be seen that as the
applied electric field increases to the order of ∼106 V/cm, the ionization ratio, k, can
be approximated as 1. This approximation is useful in providing us with a simple
analytic expression to estimate the mean gain and the excess noise factor in APDs.
The formulas derived here have also been used to confirm the relationship between
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Figure 3.1: The enabled ionization parameters, α∗ and β ∗ , as a function of the
applied electric field for Si, InP and GaAs [8]. The encircled area highlights the
ionization coefficients and electric field across the APD devices where the assumption
k ≈ 1 is valid. As an example, for a GaAs APD with the multiplication width =
0.05 − 0.1µm [51], which has k = 0.86 and mean gain = 8, the assumption of k ≈ 1
may be used to get an estimation of the mean gain and the excess noise.

the enabled electron and hole ionization coefficients, α∗ and β ∗ , and the experimental
electron and hole ionization coefficients, α and β. This relationship was initially
found by Spinelli et al. [56] and recently refined by Cheong et al. [8] with the inclusion
of a physical interpretation. This connection is useful in extracting enabled ionization
parameters, which cannot be measured directly, from the experimental ionization
parameters, which are readily available in literature [8].

3.2

Formula for mean gain

An electron (hole) is considered, born at location x inside a multiplication region,
with a constant electric field applied in the negative x-direction. The electron can
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impact ionize after traveling the dead space, de (dh in case of a parent hole), with
enabled ionization coefficients, α∗ and β ∗ , as given in [31]. After the ionization
event happens, both the parent electron and secondary electron and hole must
travel a dead space de (dh ) before they may impact ionize. By applying the CM
technique, Hayat et al. determined the first and second moments of the random
counts Z(x) and Y (x), the total number of carriers generated by an initial electron
or hole, respectively, at position x in the multiplication region [33]. The random
gain is then G = 0.5(Z(0) + Y (0)), which can be simplified to G = 0.5(Z(0) + 1)
using the initial condition, Y (0) = 1 [31]. After determining the first and second
moments of the random counts, z(x) = hZ(x)i, y(x) = hY (x)i, z2 (x) = hZ 2 (x)i and

y2 (x) = hY 2 (x)i, the mean gain and the excess noise factor can be expressed as
hGi = 0.5(z(0) + 1)

(3.1)

and
F =

hG2 i
(z2 (0) + 4hGi − 1)
=
.
hGi2
4hGi2

(3.2)

To find the mean gain for the case, α∗ = β ∗ , the DSMT recursive integral equations are solved using a method similar to that used in [33]. The mean of the random
counts is found by starting with the differential form of the recurrence equations (1)
and (3) from [33],
z ′ (x) − α∗ [z(x) − 2z(x + de ) − y(x + de )] = 0

(3.3)

y ′ (x) + β ∗ [y(x) − 2y(x − dh ) − z(x − dh )] = 0,

(3.4)

and

with the boundary conditions z(x) = 1 if w − de ≤ x ≤ w and y(x) = 1 if 0 ≤ x ≤ dh .
By replacing β ∗ with α∗ and assuming that the electron and hole dead spaces are
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equal (de = dh = d), we obtain
z ′ (x) − α∗ [z(x) − 2z(x + d) − y(x + d)] = 0

(3.5)

y ′ (x) + α∗ [y(x) − 2y(x − d) − z(x − d)] = 0.

(3.6)

and

Here, to be able to find an analytical solution, the boundary conditions are enforced
only at x = w − d for z(x) and at x = d for y(x). This simplification is the reason
why, for the CM technique, the formulas obtained are approximate in nature. By
applying this assumption, the general solutions can now be taken to be z(x) = c1 erx
and y(x) = c2 erx , and solved for c1 and c2 . For a non-zero solution to c1 and c2 , the
following characteristic equation is achieved:
(r − α∗ + 2α∗ erd )(r + α∗ − 2α∗ e−rd ) + α∗ 2 = 0.

(3.7)

The solution to this equation gives a double root at r = 0, which leads to solutions
of the form, z(x) = c1 + xc′1 and y(x) = c2 + xc′2 . By inserting this solution into
(3.3) and (3.4) and comparing coefficients, we obtain α∗ c′1 + α∗ c′2 = 0 and c′1 + α∗ c1 +
α∗ c2 + 2α∗ c′1 d + α∗ c′2 d = 0. Next, by applying the boundary conditions, z(w − d) = 1
and y(d) = 1, and solving for the unknown coefficients, z(0) is found. Finally, by
substituting z(0) in (3.1), the expression for mean gain is found:
hGi =

1 + 2α∗ d
,
1 + 3α∗ d − α∗ w

which can be rewritten as
1 + 2α̃∗ d′
,
hGi =
1 + 3α̃∗ d′ − α̃∗

(3.8)

where α̃∗ = α∗ w is the normalized enabled ionization coefficient and d′ = d/w is the
normalized dead space. This formulation for the mean gain also follows directly from
the mean gain expression using CM in [33] by applying the limit, limα∗ →β ∗ hGi, where
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Figure 3.2: Mean gain, found from ENM and CM techniques, is shown as a function
of the ionization parameter, α∗ w, for d′ = 0, 0.1 and 0.15. These results hold for
any avalanche region for which the assumption, k = 1 is justified. The mean gain
found from Spinelli analytical formulation is also shown for the case of d′ = 0.1 for
comparison.

hGi =

ρ+exp(rd)
ρ exp(r(w−d))+exp(rd)

and ρ =

−α∗ exp(rd)
.
(r−α∗ +2α∗ exp(rd))

On the other hand, by applying

the same limit to the analytical mean gain developed by Spinelli et al. [56], obtained
from applying the first order approximation to the recursive equations, it is found
hGi =

1
,
1 + 2α̃∗ d′ − α̃∗

(3.9)

which differs in form and is less accurate than the expression developed in (3.8), as
can be seen in Fig. 3.2, even for d′ = 0.1.
The effect of the dead space on the mean gain can be isolated by writing (3.8) in
terms of McIntyre’s local-theory formula and a correction term, which contains the
dead-space effect, and obtain
hGi =

α̃∗ d′ (1 + 2α̃∗ )
1
+
.
1 − α̃∗ (α̃∗ − 1)(3α̃∗ d′ − α̃∗ + 1)

(3.10)

Clearly, for the special case of negligible normalized dead space (d′ ≈ 0), the expres56
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sions for the mean gain from (3.9) and (3.10) take the well-known form, shown in
(3.11), and also match the formula from [18]
hGi =

1
.
1 − α∗ w

(3.11)

Figure 3.3: The excess noise factor, F , as a function of the mean gain, hGi, is shown
for both the ENM and CM techniques. The normalized dead spaces of d′ = 0, 0.1 and
0.15 are considered for comparison and the effective McIntyre ionization coefficient,
keff is noted for each case and stated in the legend.

3.3

Formula for excess noise factor

To derive the expression for the excess noise factor for the case of k = 1, the second
moments of Z(x) and Y (x), z2 (x) and y2 (x), respectively are needed and we start
by taking the differential form of the recursive equations (2) and (4) from [33] and
substitute β ∗ = α∗ to get
z2′ (x)−α∗ [z2 (x)−2z2 (x+d)−y2 (x+d)] = −2α∗ z(x+d)(2y(x+d)+z(x+d)) (3.12)
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and
y2′ (x)+α∗ [y2 (x)−2y2 (x−d)−z2 (x−d)] = 2α∗ y(x−d)(2z(x−d)+y(x−d)). (3.13)

Figure 3.4: The excess noise factor as a function of the mean gain is shown for the
ENM and traditional CM [33] method for k = 0.9 and compared to the modified CM
(k = 1). The normalized dead space, d′ , is taken to be 0.15. It can be seen that the
modified CM gives a better approximation than the traditional method.

The general, homogeneous and particular, solution of such a pair of inhomogeneous differential equations is a superposition of polynomials given by z2 (x) =
p1 + p2 x + p3 x2 + p4 x3 + p5 x4 and y2 (x) = q1 + q2 x + q3 x2 + q4 x3 + q5 x4 . By substituting these proposed solutions in (3.12) and (3.13), comparing coefficients, and using
the boundary conditions, z2 (w − d) = y2 (d) = 1, twelve equations are obtained with
ten unknowns. By eliminating the redundant equations and solving the remaining
independent equations, it is found that the higher-order coefficients p4 , p5 , q4 and q5
are zero, which makes z2 (x) = p1 + p2 x + p3 x2 and y2 (x) = q1 + q2 x + q3 x2 . By solving
for p1 , p2 and p3 , along with q1 , q2 and q3 , we obtain
z2 (0) =

3α∗3 d3 + 5α∗3 d2 w + α∗3 dw2 − α∗3 w3 + 7α∗2 d2 + 6α∗2 dw − α∗2 w2 + α∗ d + 5α∗ w + 1
(3α∗ d − α∗ w + 1)3
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Next, by substituting z2 (0) and the expression for the mean gain in (3.8) into (3.2),
the approximate form of the excess noise factor is finally found as:
F =

12α∗3 d3 − 4wα∗3 d2 + 16α∗2 d2 − 4wα∗2 d + 6α∗ d + 1
,
(2α∗ d + 1)2 (3α∗ d − α∗ w + 1)

which can be written in terms of the normalized quantities, α˜∗ and d′ , as
F =

12α̃∗3 d′3 − 4α̃∗3 d′2 + 16α̃∗2 d′2 − 4α̃∗2 d′ + 6α̃∗ d′ + 1
.
(2α̃∗ d′ + 1)2 (3α̃∗ d′ − α̃∗ + 1)

(3.14)

To isolate the effect of the dead space on the excess noise factor, (3.14) can be
rewritten in terms of McIntyre’s local-theory formula and a correction term, which
contains the dead-space effect
F =

1
+ f (d′ ),
1 − α̃∗

(3.15)

where the correction term, f (d′ ), is
−12α̃∗4 d′3 + 4α̃∗4 d′2 − 16α̃∗3 d′2 + 4α̃∗3 d′ − 6α̃∗2 d′ − α̃∗ d′
.
d′3 (−12α̃∗4 + 12α̃∗3 ) + d′2 (4α̃∗4 − 20α̃∗3 + 16α̃∗2 ) + d′ (4α̃∗3 − 11α̃∗2 + 7α̃∗ ) + 1 − 2α̃∗ + α̃∗2
Again, for the special case of negligible normalized dead space (d′ ≈ 0), the expressions for excess noise factor from (3.14) and (3.15) take the familiar form of (3.11),
from [18], as expected.
To check the accuracy of (3.15), the excess noise factor is computed from both the
CM and ENM techniques, as a function of the mean gain for normalized dead spaces,
d′ = 0, 0.1 and 0.15, as shown in Fig. 3.3. The effective McIntyre ionization ratio,
keff , stated in (1.2), is fitted to the data from the different normalized dead spaces
considered and also shown. As the normalized dead space becomes non-negligible,
error is introduced in the excess noise factor obtained from the CM technique. For
example, for d′ = 0.15, an error of 15% in the excess noise factor is observed for
a mean gain value of 20. Therefore, it cab be said that there is good agreement
between the excess noise factor values found from the CM and ENM techniques up
to normalized dead spaces of d′ = 0.15.
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It is noted here that not only is the formula for excess noise factor found using the
modified CM much simpler than solving the 9 by 9 matrix in the traditional CM [33],
it also matches the ENM results better than the traditional method for cases when k
can be approximated as 1, as shown in Fig. 3.4 for k = 0.9. The improvement in the
approximation is because the k = 1 assumption in the modified CM formula tends to
increase F , which, in turn, compensates for the underestimation that the traditional
CM approach is known to exhibit. In addition, there are two ways to enforce the
k = 1 condition in practice: by calculating the electron ionization coefficient and
equating it to the hole ionization coefficient, or vice versa. When the ionization
parameters for the dominant ionization parameters are chosen, a reduction in the
excess noise factor is seen (up to 15%); hence ionization coefficients for the dominant
mechanism in the material are chosen.

To see how the formula for F , as shown in (3.14) or (3.15), works for estimating
the noise in real devices, the excess noise factor is calculated as a function of the mean
gain for different materials. The methodology is as follows: fix the multiplication
width of the device in consideration, use the ionization coefficients of the dominant
carrier and assume k = 1. The dead spaces are calculated for the dominant carrier
as a function of the applied field and (3.8) and (3.14) are then applied to obtain the
approximate mean gain and excess noise factor. This is done for different applied
fields and hence the approximate F vs. hGi graph for that particular multiplication
width is obtained. This methodology is then repeated for different multiplication
widths and approximate curves for excess noise factor as a function of the mean
gain are obtained. For comparison, the mean gain and excess noise factor are found
for the k = 1 case of McIntyre’s local-theory model, while for ENM technique the
scenario of unequal ionization coefficients (k 6= 1) is considered. The results are
shown in Fig. 3.5 for the case of GaAs, using the enabled ionization parameters and
ionization threshold energies reported in [8], for different multiplication widths.
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Figure 3.5: The excess noise factor, F , shown as a function of the mean gain for
various multiplication widths of GaAs. The CM technique predicts the excess noise
far better than McIntyre’s local-theory (LT) model with equal ionization coefficients
assumption.

For a more accurate analysis, the k 6= 1 case is considered for both the ENM and
McIntyre’s local-theory model and document the relative errors in noise (defined as
the difference in the excess noise factor with respect to that from the ENM technique
divided by the excess noise factor from ENM) for the CM technique and McIntyre’s
local-theory model. This is done for GaAs, InP and Si, with results shown in Fig. 3.6
for a gain of 22. For smaller multiplication widths (≤ 700nm), the relative error
between the McIntyre’s local-theory model as compared to the ENM is greater than
or equal to 50%, and hence it fails to predict the excess noise factor accurately
for smaller multiplication widths of these materials. The CM technique, on the
other hand, provides an excess noise value within 15% of the ENM for a range of
multiplication widths for GaAs, InP and Si APDs, even though the normalized dead
space exceeds 15%.
The expectation, while calculating the mean gain and excess noise, is that the
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Figure 3.6: Relative errors between the excess noise factors, found by comparing
the ENM to McIntyre’s local-theory model (with k 6= 1) and the CM technique, are
shown. The errors are plotted as a function of various multiplication widths of GaAs,
InP and Si APD devices for a mean gain of 22. These values are used to determine
the multiplication widths for which the CM approximation may be used practically.

approximation should work well for materials with k ≈ 1 (such as GaAs), and that
lower multiplication widths using such materials should be attained. However, not
only are the mean gain and excess noise factor dependent on the set of ionization
parameters chosen from literature (and hence differing k), they are also sensitive
to the d′ value at which the calculation is performed. For all materials considered,
the minimum multiplication width that gives excess noise within 15% of the ENM
is found when d′ is no larger than 0.24. The range of materials and multiplication
widths for which the CM approximation may be used to predict the mean gain
and excess noise factor are listed in Table 3.1. The range of widths listed here are
reasonable for thin APD devices such as the silicon CMOS-compatible pn devices
developed in [6] by Hossain et al.
Next, for a particular device width, the dependence of the relative error in noise
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Table 3.1: Material widths for which the CM techniques predicts noise within 15% of
the ENM. The upper limit of d′ corresponds to the lower limit of the multiplication
width and vice versa. From [8], the second set of ionization parameters are used for
GaAs and Si whereas the third set is used for InP.
Material
GaAs [54]
GaAs [8]
InP [54]
InP [8]
Si [8]

Multiplication widths (nm)
220 – 475
400 – 680
137 – 200
230 – 400
110 – 140

d′
0.107
0.135
0.176
0.142
0.210

–
–
–
–
–

0.180
0.195
0.210
0.200
0.240

on the mean gain for the CM technique is considered as well as the McIntyre’s localtheory model. The results for GaAs, InP and Si are shown in Fig. 3.7. For the CM
technique, the relative error becomes constant after a mean gain of 20, and hence,
it can predict the excess noise for the APD devices listed in Table I for even higher
gains without increasing the relative error in the excess noise calculation.
Finally, the three main factors that govern the accuracy of the reported simplified
formula for the excess noise factor in real devices are summarized. First, any violation
of the k = 1 assumption causes the approximate CM formula to overestimate the
excess noise factor, F , assuming that the dominant carrier, i.e., the carrier with the
higher ionization coefficient, initiates the avalanche process. Second, our choice to
set the ionization coefficient of the non-dominant carrier to be equal to that of the
dominant carrier makes the effect of dead space more significant (since a smaller field
is required to achieve the same ionization coefficient value, which leads to a larger
dead space) and, in turn, forces F to decrease. Of course, the opposite choice will lead
to an overestimation of F . Third, the increased value of the normalized dead space
(e.g., when the width of the multiplication region is reduced by design) also helps
underestimate F . Together, these inter-playing factors limit the widths for which
the excess noise factor approximation may be successfully used. Consequently, for a
given material there exists a range of multiplication-region widths (e.g., as shown in
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Figure 3.7: Relative errors in the excess noise calculated from McIntyre’s local-theory
(LT) model (k 6= 1) and the CM technique, as compared to ENM technique for three
different widths of (a) GaAs, (b) InP and (c) Si [8]. As the gain increases, the relative
error associated with the CM technique approaches a constant value.

Table 3.1) over which all three competing factors balance out and good accuracy is
obtained in the approximation of the excess noise factor.
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3.4

Relationship between the enabled and experimental ionization parameters

The first attempt at finding the relationship between the enabled (α∗ and β ∗ ) and
experimental (α and β) ionization coefficients was made by Spinelli et al. [56], where
they equated the multiplication factor found from the first-order approximation of the
DSMT and the experimental results. However, they could not explain the physics
behind the relationship developed in their findings. Recently, Cheong et al. have
developed a similar relationship between the two kinds of ionization coefficients by
taking into account the physics of the ionization events. This was done by equating
the mean ionizing lengths from the DSMT and the local model and comparing them
for the same electric field in identical p-i-n structures. Their results are confirmed
in this work, for the special case of k = 1 by starting with the equation to evaluate
mean gain in an APD using the local ionization theory and with the assumption of
equal experimental coefficients [18]
hGi =

1
.
1 − αw

(3.16)

Next, (3.16) is equated to the mean gain from (3.8), and the expression is simplified
to obtain
α=

1 − (d/w)
.
(α∗ )−1 + 2d

(3.17)

Here, α is called αdevice by Cheong et al. [8], and (3.17) matches the relationship
found in [8].
The device ionization coefficient in (3.17) can be used in the traditional formula
in (3.16) to find a mean gain value that matches the value found through the CM but
it fails to predict the excess noise factor correctly, which is as expected. Therefore,
to find the excess noise factor in thin APDs with non-negligible normalized dead
spaces, either the ENM technique must be used to solve the DSMT recursive integral
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equations, or the formula given in (3.15) for a good approximation which requires
the availability of enabled ionization coefficients.
One way to find the enabled ionization coefficients is by fitting the gain and noise
data to the DSMT directly [1, 54]. Using this method, the values of α∗ and β ∗ (by
solving for hGi and F after varying α∗ and β ∗ ) that yield specified gain and excess
noise factor can be found. A simpler way to find the enabled ionization parameters is by using the relationship between the enabled and experimental ionization
coefficients, found by Cheong et al. [8]. Once the enabled ionization coefficients are
known, the mean gain and excess noise factor can be easily predicted, using (3.8)
and (3.14), respectively.

3.5

Conclusions

Simple approximate formulas to calculate the mean gain and excess noise factor for
APDs using the dead-space multiplication theory were found under the assumption of
equal ionization coefficients for electrons and holes. The electric field was assumed
to be constant across the multiplication region and the formulas derived require
the use of enabled ionization coefficients. The formulas for the excess noise factor,
shown in (3.14) or (3.15), perform very well for a range of multiplication widths and
materials (listed in Table 3.1), yielding errors that are below 15% when compared
to the exact values for the excess noise factor. By using the enabled ionization
coefficients in the approximate formulas derived in this work, the mean gain and the
excess noise factor in APDs can be easily estimated.
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Chapter 4
Verification of single-carrier
impact ionization behavior in the
presence of dead space

4.1

Introduction

Infrared applications operating between 1.55 and 3.5 µm, such as imaging in free
space communication, military and industrial monitoring have recently seen an increasing interest. This interest has lead to the research and development of detection
systems with greater sensitivity. For photodetection applications, avalanche photodiodes (APDs) provide amplification of the received signal using the process of
avalanche multiplication and hence provide higher multiplication gain [50, 52]. The
accompanying excess noise factor is a key factor, apart from the limiting cut-off
wavelength inherent in telecom-based APDs, why the use of APDs is limited. The
challenge in designing IR photodetectors, therefore, is to develop APDs with minimal F and to maximize the APDs gain until the time when excess noise begins to
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dominate the system noise.
While significant improvement has been made to improve the gain characteristics
of practical APDs, the main challenge in using them remains the high excess noise
factor. One way to mitigate the noise is to simplify the design of the detector and
ensure that the absorption and multiplication regions are separate, leading to what
is called the separate-absorption-multiplication APDs (SAM APDs). Another way
to mitigate the noise in the device is for the electron ionization coefficient, α, and
the hole ionization coefficient, β, to be as disparate as possible. Ideally, either α or
β should be zero, such that the ionization ratio, k, is zero. In such cases, as can be
seen from eq. (1.2), the excess noise approaches 2, which is the limit predicted by
the local model developed by McIntyre. Although HgCdTe had been the sole choice
for its specific property of providing, essentially, ideal electron dominated avalanche
gain characteristics [57] leading to minimal excess multiplication noise, it was still
not widely used to the difficulty in fabrication [58]. There has, therefore, long been
a need for a material which not only provides single-carrier ionization but is also
feasible practically.
Recently, InAs has been presented as an electron-majority ionization [5,58] material which fulfills the requirements of a single-carrier ionization material. This means
InAs can offer reduced noise characteristics and is a good candidate for fabricating
APDs due to its ease of fabrication and availability.
In this work, the asymptotic gain and noise characteristics of single-carrier ionization APDs are verified, using InAs as an example and the method presented in [39]
is confirmed to easily approximate the mean gain for such devices. The results of
the approximation will be compared to the exact numerical method (ENM), which
involves the solution of recursive integral equations developed by Hayat et al [31,32].
The comparison will show the advantage of using the simple, closed form solution
for easily obtaining the mean gain for single-carrier ionization devices.
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Figure 4.1: The mean gain as a function of the scaled distance, αw for different fixed
scaled dead spaces, D = αd. The asymptotic results closely follow the results from
ENM.

4.2

Single carrier ionization

Listed here are the salient features of the work in [39] which categorized the effect
of the single-carrier ionization devices.
• The device considered is single carrier injection (SCI) and single carrier multiplication (SCM).
• Newly generated carriers considered must first travel a certain distance in order
to attain enough energy to impact ionize (called the dead space).
• The multiplication process is considered in terms of the age-dependent branching process and Laplace transform is used to obtain the analytical expression
for mean gain and excess noise.
• For the limit when the width of the APD is much greater than the dead space,
asymptotic mean gain and excess noise factor are determined.
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Figure 4.2: The excess noise factor as a function of the mean gain for the case of
different scaled dead spaces, D = 0, 0.1 and 0.5 along with noise trend predicted by
local theory.

4.3

Asymptotic behavior of single-carrier ionization device

The asymptotic behavior of the single-carrier device, such as InAs, will be the subject
of study in this work. As discussed in [39], if Z(x) is defined as the total number of
electrons at location x, then the theory of age-dependent branching process dictates
that the first and second moment of Z(x), µ(x) and µ2 (x), respectively, become
asymptotically exponential functions of x as x → ∞. Thus, the asymptotic mean
gain was found to be [39]
µ(x) ≈ C1 eβx

(4.1)

whereas the asymptotic excess noise, which is independent of x but, is dependent on
the asymptotic mean gain, becomes
F (x) =

C2
, F∞
C12

(4.2)
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with
C1 =

B+1
2B(DB + D + 1)

(4.3)

C2 =

C12 (B + 1)
.
1 + 2B − B 2

(4.4)

and

Here, B is the Malthusian parameter and solution to the transcendental equation,
2e−DB −B = 1, and D = αd is the scaled dead space. The closed form solution to the
asymptotic mean gain and noise values holds, provided the width of device is much
greater than the dead space. The recursive equations for single-carrier ionization is
checked against those developed for dual-carrier ionization material. To check how
the asymptotic mean gain predicts the gain in single carrier, k = 0, ionization devices,
the case when the dead space is negligible (D = 0) is considered; the asymptotic mean
gain should coincide with the gain from the ENM. This is seen to be true in Fig. 4.1.
To measure the performance of eq. (4.1) with the dead space effect coming into play,
consider first the case when the scaled dead space may be assumed to be a constant.
This case is modeled by maintaining a fixed width of the multiplication region while
varying the electric field and keeping the ionization coefficient field-dependent. The
dead space is found such that the product of α and de is a constant and the condition
w ≫ de is met.
The results of this modeling is shown in Fig. 4.1 for 4 different values of D. D = 0
corresponds to the local-theory case where the dead space is negligible. As can be
seen, the results from the asymptotic approximation estimates the mean gain from
the exact numerical method really well where the error between the two methods is
less than 5%.
The recursive integral equations are then used to confirm that the noise within
the devices approaches the asymptotic values predicted by eq. (4.2). The noise
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characteristics are predicted for D = 0, 0.1 and 0.5 with the results shown in Fig.
4.2.
Presented next is the study of how the asymptotic eqs. (4.1) and (4.2) perform
in predicting the gain and noise when the scaled dead space is variable. To do so,
modeling parameters have been chosen in accordance with the practical InAs devices
fabricated by [5]. Multiplication widths of 2µm and 3.5µm are chosen and a simple
p-i-n device is assumed with a SAM structure with the ionization coefficients for InAs
listed in Table 4.1 for an operating temperature of 296 K. The resulting mean gain

Figure 4.3: The mean gain as a function of the scaled distance, α w for variable
scaled dead space. The asymptotic results closely follow the results from ENM but
the variance at high gains may be explained by the numerical errors introduced in
gain calculation using ENM.

is shown as a function of the scaled width in Fig. 4.3. The asymptotic equation to
evaluate the mean gain works well as confirmed by the ENM. Here, it is noteworthy
that the scaled dead space decreases as the electric field increases, which means
that the asymptotic equation should follow the numerical solution closely. However,
a difference is observed between the two methods which may be attributed to the
calculation errors introduced in the numerical solution at high gains. The excess
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Figure 4.4: Modeling results for the excess noise factor as a function of the mean
gain for the case of different widths of InAs device. These are in agreement with the
experimental results from [3].

noise characteristics are shown in Fig. 4.4, where the asymptotic excess noise follows
a similar trend and is less than 2.
Table 4.1: Ionization coefficients for InAs at room temperature [3]

electrons

4.4

A (x104 )
4.62

E x105
1.39

m
0.378

Discussion

In this work, a study of the behavior of a single-carrier ionization device, with k = 0
has been presented. Whereas the local theory predicts that for such a device, the
asymptotic excess noise within a device approaches 2 for an asymptotic gain, in
reality the observation is that the excess noise is less than 2. It has been shown
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through device modeling that this was correctly predicted by Saleh et al. in [39] to
be due to the dead space effect. Thus, a closed form solution for evaluating the gain
of thin APDs with k = 0 exists which makes the prediction of gain and noise for
such devices very easy.
It is noted here that if single carrier ionization conditions are applied to the case of
dual carriers multiplication [31], with the ionization only taking place via electrons,
and any resulting holes passing through without impact ionizing, then the mean gain
for the dual carrier case equates the single carrier case. From the single carrier case,
the mean gain is defined as
Z
µ(x) = 1 − H(x) + 2

x

µ(x − ξ)h(ξ)dξ

0

(4.5)

while in the dual carrier case it is given by
1
M (x) = [z̃(x) + ỹ(x)]
2
where z̃(x) = 1 − He (w − x) +

(4.6)
Rw
x

[2z̃(ξ) + ỹ(ξ)]h(ξ)dξ, H(x) =

Rx
0

h(η)dη and M (x) =

µ(w−x). Then, by applying the single carrier condition, y(0) = 1, to (4.6) and setting
x = 0 we obtain,
M (0) = µ(w) = 1 +

Z

w

z̃(ξ)h(ξ)dξ.

(4.7)

0

Equation (4.7) symbolizes the fact that the gain is equal to or greater than 1 depending on the number of electron impact ionizations that take place within the
device.
It is also to be kept in mind that the work in [39] assumed constant scaled dead
spaces whereas for practical devices, the ionization parameter changes as the field
across the multiplication width varies. For such devices, the asymptotic gain is
presented here as a function of the scaled width and shown that it approximates the
gain of the device well. The limit of using this approximation has been set to the
point where the mean gain is substantial at a reasonable applied bias. From the
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modeling results, this limit has been found to be 500 nm, where the mean gain is
close to 10 with a bias of 40V.
Also confirmed here are the two observations made by [5]: firstly, unlike the trend
in dual-carrier ionization materials, the mean gain increases as the multiplication
width is increased for a given bias; this is due to the difference in roles that the dead
space and the ionization coefficient play in the calculation of mean gain and noise.
Secondly, for single-carrier materials, the excess noise within the device is closest
to that measured from the local (McIntyre) model; again, this is partly due to the
minimal role the dead space plays which makes this model closer to the McIntyre one.
A practical implication of these trends is that in single-carrier ionization materials,
unlike dual-carrier ionization materials, a bigger width is more useful in reducing the
excess noise factor. This discovery provides an ease of fabrication that makes the
use of InAs much more appealing and interesting for use in infrared detection.

4.5

Conclusion

The avalanche properties of single-carrier ionization materials have been predicted
and the fulfillment of the predictions made by Saleh et al for such materials have
been verified. Hence, a closed form solution to estimate the mean gain of devices
with k = 0 is now available. The effect of dead space and how its presence explains
the decrease in the asymptotic excess noise from the value of 2 for asymptotic mean
gain, which was unexplained by the traditional local theory model has also been
discussed.
A novel way to utilize the findings of this work is to develop an APD design
making use of InAs as a single-carrier ionization material in order to reduce the excess
noise within the device, thus making InAs an excellent candidate for fabricating lownoise, high gain APD devices.
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Avalanche photodiodes for
mid-wave infrared detection

5.1

Introduction

For objects in the range of 100K to 1000K, the highest radiance (given by Planck’s
law) falls within the infrared regime as can be seen in Fig 5.1. The infrared spectrum
is divided in multiple bands such as near infrared (NIR) from 0.7 − 1µm, shortwave
infrared (SWIR) from 1 − 3µm, midwave infrared (MIR) from 3 − 5µm and longwave
infrared (LWIR) from 8 − 14µm. The emission from objects at room temperature
peak at the MIR band, making it especially important for detection purposes. Thus,
MIR sensors are useful in applications related to medical imaging and diagnostics,
fire fighting equipments as well as defense and security applications [24, 25] which
require target identification and tracking.
The different technologies available to detect MIR include HgCdTe [26], InSb [27]
and bolometers. While the benefits of such designs include the availability of mature
fabrication technology and the means to scan a wide range of spectrum, as well as
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Figure 5.1: Spectral photon radiance as a function of the wavelength for different
blackbody temperatures [59].

short integration times, they are plagued by extremely high dark currents which is
exasperated by the need of high bias voltage coming from the submicron multiplication region. Thus, there is a need to significantly improvise the design aspect of
such a photodetector to make it more practical and feasible for use in the industry.
One candidate for making IR detection systems is the APD, which provides higher
gain and sensitivity. However, the excess noise factor is a key factor, apart from the
limiting cut-off wavelength inherent in telecom-based APDs, why the use of APDs is
limited. The challenge in designing IR photodetectors, therefore, is to develop APDs
with minimal F and to maximize the APDs gain until the time when excess noise
begins to dominate the system noise.
In an effort to address this issue, a new design of APDs is described, which utilize
single-carrier ionization materials. The design for creating the high-gain, low-noise
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MIR device includes a feedback layer, placed before the main multiplication layer of
InAs. InGaSb has been suggested as the material of choice for creating the feedback
layer due to lattice matching with GaSb and InAs, as well as a high bandgap which
helps in bandgap engineering. Before this can be done, it is imperative to model its
behavior in the context of avalanche characteristics.

5.2

Temperature dependent single-carrier behavior of InGaSb at room temperature

To determine the avalanche characteristics of InGaSb, a simple pin structure is assumed and the device ionization parameters are taken from [10]. Experimentally,
it has been shown that although it supports both electron and hole ionization, the
ionization coefficients are temperature dependent, with one set measured at 296 K
(23o ) and the other at 90o . These parameters are listed in Table 5.1. This behavior
is observed by modeling the mean gain, noise and bias using the DSMT for the two
temperatures and will be described below.

o

In10 Ga90 Sb at 23 C
In10 Ga90 Sb at 90o C

Electron
Hole
Electron
Hole

A(x105 cm−1 )
2.73
2.75
5.17
6.97

B(x105 V)
1.34
1.89
1.57
1.95

Eth
1.2
1.06
1
1.06

Table 5.1: Device ionization coefficients used for In10 Ga90 Sb. [10]
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m
0.68
1.17
0.68
1.21
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Figure 5.2: Excess noise as a function of mean gain for InGaSb at 23o C

5.2.1

Discussion:

As mentioned earlier, one way to mitigate the noise within an APD is by making
sure that the ionization coefficient are as disparate as possible. This means that the

Figure 5.3: Excess noise as a function of mean gain for InGaSb at 90o C
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k parameter for the material making up the multiplication region needs to be close
to, or equal to zero. It is to noted that the effective k value for InGaSb at 23o C is
0.03 which is close to zero. Thus, InGaSb can be treated as a single-carrier ionization
material, much like InAs which has been discussed earlier. However, traditionally,
the dead space has also played an important part in dictating the noise within thin
multiplication devices. Thus, the overall noise within such a system is dependent on
the interplay of the ionization ratio being close to zero as well as the dead space effect.
This behavior is laid out in Fig. 5.2, where the noise characteristics of InGaSb at
23o C show that it behaves contrary to dual-carrier materials for which the excess noise
decreases as the width of the multiplication region decreases. In the next section,
the implications of adding InGaSb layers to InAs, such that the noise characteristics
for the MIR APD are improved, are discussed.

Figure 5.4: Mean gain as a function of applied reverse bias for InGaSb at 23o C
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Figure 5.5: Mean gain as a function of applied reverse bias for InGaSb at 90o C

5.3

Modeling of Novel Type II Superlattice APDs
for Midwave IR detection

5.3.1

Superlattice avalanche photodiodes for midwave infrared detection

A high gain, low-noise separate-absorption-multiplication (SAM) avalanche photodiode (APD) for mid IR detection is proposed in this section. The schematic of the device is shown in Fig. 5.6 where the absorption layer is composed of InAs/GaSb TypeII Superlattice. The superlattice is formed by growing alternate layers of nanometerthick InAs and GaSb. The repetition of these layers creates a band structure similar
to that for common bulk semiconductors but with a small energy gap corresponding
to wavelengths ranging from 3 − 32µm. This layer will have the following properties: low electric field to suppress tunneling (leading to lower dark currents), nar-
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Figure 5.6: A novel SAM APD with Type-II superlattice absorber and an impactionization engineered Inx Ga1−x Sb-InAs heterojunction multiplication region.

row bandgap material to absorb infrared (IR) photons, and absorbs photons in the
mid-wavelength infrared (MIR from 3 − 5µm). Type-II superlattice produces an
electron-hole pair, and the electron is injected into the Inx Ga1−x Sb high-field layer
after which is the InAs as the electron-majority ionization multiplier. It is noted here
that InGaSb, as shown previously, is an electron-majority material at room temperature, with a lower, but not zero, probability of a hole ionization [10]. By making
sure that this layer is thicker than the dead space needed for impact ionization of
an electron, a plethora of electrons are allowed to enter InAs. InAs has been shown
to have almost-pure electron multiplication (i.e., k ∼ 0) as discussed earlier, which
makes it very desirable from low-noise and high-speed perspectives [5, 30, 60]. Meanwhile, holes that are resulting from the electron-initiated ionizations in InAs cannot
impact ionize in InAs (due to hole ionization supression), continue to maintain their
energy and enter the Inx Ga1−x Sb layer with an energy that exceeds the ionization
threshold for holes in Inx Ga1−x Sb. These holes (as well as any offspring carriers that
results from them) may impact ionize in the Inx Ga1−x Sb layer and provide additional
electrons to be injected into InAs. Hence, this heterojunction multiplication region
ensures that only electrons initiate the avalanching process in the e-layer (InAs) and
that both electrons and holes are generated in the Inx Ga1−x Sb layer. This feedback
leads to the creation of additional waves of low-noise impact ionizations in InAs,
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with certain probability. This is expected to lead to high gain while maintaining the
low excess noise associated with InAs. This concept was first introduced by Huang
et al. [61], with a different material selection for the various layers and later modified for MIR by Lilian Casias at CHTM. The dead space calculated for holes and
electrons in the Inx Ga1−x Sb multiplication region is about 10 nm at an electric field
of 500kV/cm [61].
The Inx Ga1−x Sb composition can be used to tune the bandgap using Eg = 0.170+
0.135(1−x)+0.415(1−x)2 [62,63] between InSb bandgap which is 0.170eV at 300K to
GaSb bandgap which is 0.720eV at 300K; for In10 Ga90 Sb, we calculate it as 0.623eV.
For the Type-II superlattice, the composite band gap is dependent on the thickness
of the InAs and GaSb layers as shown in [4] and shown in Fig. 5.7; for mid-wave IR,
it varies from 0.25eV−0.42eV. Although it is expected that there is an accumulation
of charge on the T2SL/InGaSb junction, it is reasonable to assume that due to high
applied electric field, Inx Ga1−x Sb acts as a tunneling barrier at the edge of the T2SL
as described in [64] and will allow the photogenerated carriers to pass through to
the multiplication layer. While the barrier layer reduces both the photocurrent and
the dark current of the T2SL, it is expected to have a greater effect on the dark
current [65].

5.3.2

Design parameters for T2SL APDs

The ground work laid out before to predict the mean gain and excess noise factor
has been used for the T2SL APD by assuming a linear device. To use the DSMT
model, the material properties of InAs as well as InGaSb alongwith the composition of Inx Ga1−x Sb are required. Apart from this, the model was used for different
multiplication widths to find the optimal parameters such that the least excess noise
factor is recorded and the bias voltage needed for each case is such that the device is
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Figure 5.7: Band alignment for the InAs/GaSb T2SL system [4]

practically implementable. The focus is on the determination of the improvement in
practical considerations such as the applied reverse bias across the device while adjusting the multiplication width. Doing this will ultimately help reduce the tunneling
current which plagues other MIR detector devices.

The ionization coefficients used for the analytical modeling are listed in Table 5.2.
It is noted here that the ionization parameters available for InAs in literature are
at both room temperature [3] as well as 77 K [5]. The ionization parameters for
In10 Ga90 Sb are available for room temperature. Therefore, at the moment, the
study will provide a theoretical analysis of such a design of IR detectors at room
temperature.
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InAs [3]at RTP
In10 Ga90 Sb [10]at 23o C

A(x105 cm−1 )
0.462
2.73
2.75

Electron
Electron
Hole

B(x105 V)
1.39
1.34
1.89

m
0.378
2
2

Table 5.2: Device ionization coefficients used for InAs and In10 Ga90 Sb at room temperature. The InAs ionization coefficients are listed for electron-ionization only.

5.3.3

Results for T2SL APDs

Using the methodology described above, a homojunction InAs multiplication region
of width 550nm is taken under study and In10 Ga90 Sb is gradually introduced to it
to see how the linear mode properties are affected. Fig. 5.8 shows the graph for the
mean gain as a function of the applied reverse bias for the case when In10 Ga90 Sb was
taken to be either 0nm, 10nm and 15 nm, respectively.

Figure 5.8: The mean gain is shown as a function of the applied reverse bias for the
case of 0nm (pure InAs), 10 nm and 15 nm InGaSb layers, using InAs parameters
from [3].
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Figure 5.9: The excess noise as a function of the mean gain for the three different
layers of InGaSb using InAs parameters from [3].

Figure 5.10: The mean gain is shown as a function of the applied reverse bias for
the case of 0nm (pure InAs), 10 nm and 15 nm InGaSb layers, using the ionization
parameters of InAs from [5].
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Figure 5.11: The excess noise as a function of the mean gain for the case of 0(pure
InAs), 10nm and 15 nm using the InAs parameters from [5].

For the purpose of comparison, not only is InAs modeled at room temperature,
but also at 77 K. Next, the excess noise factor is calculated as a function of the
mean gain, again both at room temperature as well as 77 K for InAs, as shown
in Figs. 5.9 and 5.11. An interesting trend is noted here: although the applied
reverse bias decreases as the In10 Ga90 Sb layer is increased, the excess noise factor,
too, registers an increase. This gives us an interesting outlook on the interplay of
the different parameters that can be varied depending on the tolerances allowed
by the application. For comparison, it is observed that the noise characteristics
for a silicon PN device, such as that developed in [6] and shown in Fig. 5.12 are
considerably higher than the heterojunction InAs-InGaSb device which gives it a
definite advantage when it comes to noise performance.
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Figure 5.12: The excess noise as a function of the mean gain for different intrinsic
concentrations and width as in [6].

5.3.4

Conclusion

For pure InAs PIN detector, gain at a certain voltage is small as is the excess noise(
less than 2). The lower noise was predicted by Saleh et al. [39] to be due to the role
of the dead space effect, and has since been verified by modeling here and practically
by [5] to be true. By including a layer of In10 Ga90 Sb in addition to the multiplication
layer, both the mean gain characteristics and the voltage bias needed to achieve it
can be improved at the cost of including more noise within the device.
The advantage of such a device is not only the lower noise but also the flexibility
we obtain in manipulating the SNR as well as the build-up time of the device.
Depending on different factors, such as the type of application, the bias voltage
needed and even the cost of fabrication, the thickness of the In10 Ga90 Sb layer can be
varied to create custom-built devices for specific applications.
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Summary and future work

In this dissertation, modeling techniques have been created to handle four different
operational scenarios of APDs. The first model is the application of the DSMT
developed by Hayat et al. to a 3D device with varying electric fields and subsequent
ionization coefficients. It is found that the photogenerated carrier may choose one of
many paths within the device and that the device works as many APDs in tandem,
with each path having its own avalanche properties. The mean gain, excess noise and
the breakdown properties are found for each path. Moreover, the impulse response ,
gain-bandwidth product as well as the dark count rate and photon detection efficiency
were predicted. Comparison between the modeling predictions and the measurements
from the experimental device were made for a 3D Si/Ge lateral APD. It was found
that the model works well to predict the linear, transient and Geiger mode response
of a 3D device. In addition, the model can be used to optimize the performance
of the APD under test as well as to create new designs in conjuction with other
software, such as TCAD.
Future work includes testing the model for other 3D devices with different materials and design considerations. To do this is not an easy problem as the geometry of
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the design as well as the material compositions needs to be considered. In addition,
the photon absorption probability as well the injection probability for the photogenerated carrier needs to be taken into account, which causes the impact ionization
behavior to change.
Secondly, the avalanche characterisitcs of APDs for which the ionization coefficients may be assumed to be equal are explored. This is the case for materials such
as GaAs, InP and Si when the multiplication regions are small and the electric field
is high. A closed form solution to predict the excess noise factor is found for the
first time and the comparison is made to the results found from the exact numerical
method (ENM) which provides a solution of the recursive integral equations. It was
found, via modeling, that the formula for gain and noise predict results comparable
to those from the ENM. Moreover, practical limits of multiplication widths for the
three materials were found up until which the formula may be used within error
limits. Lastly, the relationship between the local (experimental) and enabled ionization coefficients, found by Cheong et al. [8], were verified using the case of k = 1;
this relationship allows us to extract enabled ionization coefficients for use with the
DSMT easily.
Next, the avalanche behavior of single-carrier ionization (k = 0) materials is
modeled by looking at an example such as InAs at room temperature. Not only
are the predictions made by Saleh et al (that the noise in such devices is less than
that predicted by McIntyre due to the presence of dead space) verified, the modeling
results are also comparable to the experimental results found by Marshall et al. In
addition, it is found that the asymptotic gain formula may be used to estimate the
gain in real single-carrier devices without loss in acuracy compared to the exact
numerical method. Finally, using this model the practical limits of the device were
found which give feasible gain and bias.
Lastly, the modeling results of a novel IR detector design were presented where
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the heterojunction of InAs as well as InGaSb were used to enhance the noise characteristics of APDs by exploiting the avalanche behavior of single-carrier materials
such as InAs. To do so, the ionization coefficients for InGaSb found in literature were
used and it was found that they are temperature dependent. The DSMT modeling
showed InGaSb to be electron dominant at room temperature, although the hole ionization is not negligible. This property was utilized to provide feedback to the InAs
multiplication region and improve the gain characteristics of the device. It was found
that the gain and bias characteristics for such devices are highly customizable and
that the improvements in gain and bias come at the cost of adding addtional noise
in the system, which increases from the value of < 2, as described for an InAs-only
device.
Future work is needed on the study the hole-only feedback method for heterojunction mid-IR APDs. Care must be taken to choose materials which are lattice
matched to the single-carrier ionization multiplication region and allow the ease of
fabrication. Practically, there is a need to confirm the findings of our modeling for
the low-noise, high-gain device. It will also be beneficial to record the transient and
Geiger mode response of the heterojunction mid-IR APDs via modeling as well as
experimentally. This task will require the modification of the DSMT parameters already set in place to include the role that the feedback layer (in our case, the InGaSb)
plays to calculate the breakdown probability as well as the dark count rate.
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